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Abstract 

We study the ultraviolet problem for quantum electrodynamics on a three 
dimensional torus. We start with the lattice gauge theory on a toroidal lattice 
and seek to control the singularities as the lattice spacing is taken to zero. This is 
done by following the flow of a sequence of renormalization group transformations. 
The analysis is facilitated by splitting the space of gauge fields into into large fields 
and small fields at each step following Balaban. In this paper we explore the first 
step in detail. 
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1 Introduction 



Quantum electrodynamics in a four dimensional space time, (QED)4, is the basic theory 
of electrons and photons. The theory is very singular at short distances. Nevertheless 
it does have a well defined perturbation theory (expansion in the coupling constant) 
provided various renormalizations are carried out. At this level it gives a spectacularly 
precise description of nature. 

One would like to have a rigorous non-perturbative construction of the model. To 
date this has not been possible and success is not likely anytime soon. However the 
singularities are weaker in lower dimensions and there is the possibility of progress. 
In this sequence of papers we give a construction of (QED)3. To avoid long distance 
(infrared) problems, which are also present, we work on the three dimensional torus. 

The theory is formally defined by functional integrals. The program is to add 
cutoffs to take out the short distance (ultraviolet) singularities and make the theory 
well-defined. Then one tries to remove the cutoffs. The singularities that develop are 
to be cancelled by adjusting the bare parameters - this is renormalization. At the same 
time one must keep control throughout over the size of the functional integrals - this is 
the stability problem. 

An effective way to deal with these difficulties is to regularize the theory by putting it 
on a lattice and then study the continuum limit. This regularization has the advantage 
of preserving gauge invariance. This helps with the treatment of the singularities- the 
counterterms required are minimal. The stability problem also seems more tractable 
in the lattice approximation. 

Our general method is the renormalization group (RG) technique. We first scale 
up to a unit lattice theory. By block averaging we generate a sequence of effective 
actions corresponding to different length scales. The effective coupling constant starts 
from near zero and grows but remains small. Renormalization cancellations are made 
perturbatively at each level. The remainders must also be controlled and for this we 
need control over the size of the gauge field. This is accomplished by breaking the 
functional integral into large and small field regions at each level. The contribution of 
the large field region is suppressed by the free measure, and in the small field region we 
can do the perturbative analysis. Stability emerges naturally in this approach as well. 

The scheme outlined above was originally developed by Balaban for a study of 
scalar (QED)3 0, 0, 0, [|. See also King |21|. The method was further developed 
by Balaban, Brydges, Imbrie, and JafFe [0, p who used it in their study of the Higgs 
mechanism for this model. There is further exposition of this work in lecture notes 



by Imbrie Balaban continued by proving basic stability bounds for pure Yang- 



Mills YM3, YM4 0,0. Balaban, O'Carroll, and Schor g], fT^ gave an analysis of 



the fermion propagators that arise in a RG approach. These papers were the main 
inspiration for the present work. 



^An alternative would be to work with a continuum theory and put in explicit momentum cutoffs. 
For a discussion of this approach to gauge field theories see Magnen, Rivasseau, and Seneor |23] 



3 



Let us also mention some earlier related results. Weingarten and Challifour p5 



and Weingarten ^6] gave a construction of (QED)2. For scalar electrodynamics there 



is extensive work for d = 2 by Brydges, Frohlich, and Seller |T3[. Magnen and Seneor 



gave a treatment of Yukawa in d = 3 ||22|. For a heuristic discussion of (QED)3 see [|14 

The present work will not directly generalize to (QED)4. The problem is that this 
model lacks ultraviolet asymptotic freedom, the flow of the effective coupling constants 
away zero. However the present work is progress toward a construction of quantum 
chromodynamics (QCD)3 4, the fundamental theory of the strong interactions. It seems 
likely that combining Balaban's results on Yang-Mills with the present work 

would be sufficient, albeit still on a torus. 

Acknowledgement: I would like to thank T. Balaban for helpful conversations. 



2 Preliminaries 



2.1 the model 



The basic torus is Tm = (M/L^Z)^ where L is a fixed large positive number and M > 
is a fixed nonnegative integer. It has volume L^^ . In this torus we consider lattices 
with spacing defined by 

T-f = {L-^'Z/L^Zf (1) 

Let ?/','?/' be fermi fields and let A be an Abelian gauge field on the lattice. The lattice 
version of Euclidean (QED)3 in the Feynman gauge is defined by the density 

^, A) = exp [--\{A, (-A + ^i^)A) - (V', {De{A) + m)^) - 5v - 5E^ (2) 

Here Df.{A) is the lattice Dirac operator with potential A and coupling constant e > 0, 
and 5v, SE are mass and energy counterterms. We are interested in integrals like the 
normalization factor (partition function) 



p{ip,ip,A) di) dijj dA (3) 
and in correlation functions such as the two point function 

< ij{x)ilj{y) >= / ij{x)ij{y) p{ij,ij,A) d^j d^ dA (4) 



The problem is to control the N ^ 00 limit. 

Let us explain the terms in is more detail. The gauge field A = A{xx') is a real 
valued function on bonds x, x' (nearest neighbors) in satisfying A{xx') = —A{x'x). 
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If {Cfj} — {ei, 62, 63} are oriented unit basis vectors we write Afj,{x) — A{x,x + L ^e,j). 
The derivative of in the direction e,j is 

{d,A,){x) = {A,{x + L-^e.) - A,{x))/L-'' (5) 

and {A, (—A + ii^)A) is the quadratic form defined by the lattice Laplacian: 

IXjfjX IJ,,X 

The fermion fields ^lja{x),ipaix) are indexed hy x E T^/^ and 1 < a < A. They are 
the natural basis for the space of functions from the lattice to pairs of four component 
spinors. They provide a basis for the Grassman algebra generated by this space. This 
is the space of fermions fields. Integration over fermion fields means projection onto 
the element of maximal degree. The Dirac operator is given by 

xx' X 

If a;' = a; ± L^^e^ then then ^^x' = i 7m) where 7^ are the usual self-adjoint Dirac 
matrices satisfying {7^, 71^} = 25^1^. This can also be written as 



X,il 



X,IJ. 



(8) 



Formally the r terms disappear as — > 00 and we get the usual continuum action 
/ '4'{^)lfi{9^+ieAi^{x))ip{x)dx. The propagator for this action has some well-known 
pathologies when r = 0, so we take a fixed < r < 1. 

Actually we want a modification of the above corresponding to anti-periodic bound- 
ary conditions for the fermions. Instead of basis vectors ilj{x),ip{x) indexed by the torus 
we consider basis vectors ijj{x),'ijj{x) indexed by the infinite lattice (L~^Z)^, but 
with the identifications 



iP{x + L^e^) = - iP{x) 
i;{x + L''e^) = -7P{x) 



(9) 



Then j{x,x') = ip{x)'yxx'e^^^ ^■^(^^'^(x') satisfies j{x + L^e^,x' + L^e^) = j{x,x'). 
Thus it is a function on the torus and so we can define sums like ^^x' Ji^^^') which 
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appear in (|^). The anti-periodic boundary conditions are necessary for Osterwalder- 



Schrader positivity, that is for a Hilbert space structure |T^. This is physically desirable 
and will also be technically useful. 

The above expression depends on three parameters: the coupling constant e, the 
fermion mass m , and the photon mass /i. The parameters e, m are arbitrary. The 
photon mass is added because the Feynman gauge is not a complete gauge. We need it 
to suppress constant fields. One would really like to eliminate it, but this would mean 
picking another gauge or using the Wilson action. In either case the treatment would 
be more complicated, but still feasible. We regard the photon mass as a convenience, 
not an essential modification of this UV problem. 

The model has a charge conjugation symmetry. Define the charge conjugation 
matrix C to satisfy C'^'y^^C = — 7J and we can take C'^ = C^^ = —C. Then we have 
C^lxx'C = 7^/^ . Under the transformation 

^^-Cij (10) 

the term {ip, D{A)ip) is invariant. In fact the entire density has this symmetry and we 
preserve it throughout our analysis. 

The term [ip, D[A)ijj) is also invariant under gauge transformations: 

i/j ^e-^'o> (11) 
A^A-dX 

The term {A, (-A + fi^)A) is of course not invariant. Nevertheless we will be able to 
preserve a substantial amount of gauge invariance throughout the analysis 

The scaled model: Before proceeding we scale the problem up to a unit lattice with 
large volume. This changes our ultraviolet problems to infrared problems and puts 
us in the natural home for the renormalization group. The new lattice is T^_,_^ with 
volume /,3(Af+M) ig^|;^j(;.g spacing. For fields \E', A on this lattice we define 

poi^, ^, A) = p{^L-N,^L-^, Al-m) where 

{Al){xx') ={aLA){xx') = L-'/^AiL-'x, L-'x') 
(^i)(x) =(ai^)(a;) = L-i^(L-V) 

(The scaling operator ai is defined differently for bosons and and fermions). Then 
Po{^, ^, A) = exp (-1{A, (-A + pI)A) - (^, (D^M) + "^o)^) - Svo - 5Eo) (13) 
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Here the (real) inner products and operators are all on the unit lattice (i.e. put = 
in (|^)-(§)), and the new coupling constants are all very small: 

eo = L-^/^e mo = L-^m /xq = L'^ ^ (14) 

The mass counterterm is taken to have the Wick-ordered form 

vo = ^- ^(x)(5mo^(x) :_5^= ^ 'l'(x)(5mo^(x) - tr{5moSoix, x)) (15) 

X X 

where 5*0 = (-D(O) + mg)"^ and 5mo is to be specified. In all the above we have used 
the subscript zero (rather than N) because this is the starting point for the RG flow. 

Remark. The Dirac operator Defj{A) depends on the potential A through the phase 
g*eoA^^, _ In analyzing the model it is tempting to replace 6*^""^^==' by 1 + (e*^0"^^=:' — 1) right 
from the start. The flrst term gives a kinetic term and the second a potential. This 
does break gauge invariance, but the split is natural for a perturbative analysis and 
the associated RG transformations are clean. We refrain from making the split because 
we do not have good control over the size of A. The potential is not necessarily small 
even though eo is small. (The term exp(— /Xq J2 A"^) in the density does not give any 
signiflcant suppression of large A because the the coefficient /ig is too small.) Instead 
we wait and carry out the split in each fiuctuation step. By declining to do it all at once 
we are going to have background fields in our fermion propagators. This will prove to 
be a nuisance. 

2.2 count erterms 

Renormalization means adjusting bare parameters to cancel the singularities in the 
theory. Since our model is super-renormalizable it suffices to choose the counterterms to 
cancel singularities in low order perturbation theory. Suppose one splits off a potential 
as above and computes various quantities to second order in cq. One finds an apparent 
logarithmic divergence in the fermion mass and a quadratic divergence in the vacuum 
energy as — > cxd. (We ignore an apparent linear divergence in the photon mass. This 
will be ruled out by gauge invariance). 

Consider first the fermion mass. In the two point function < '^{x)'^{y) > for the 
scaled model look at the amputated one-particle irreducible part. The second order 
contribution is given by certain Gaussian integrals and computing them we find the 
expression 6mQ 6x,y + T,o{x,y) where 

Eo(x, y)=Y. Villiz, X, x'){DiO) + mo)-\x', y')Vill{w, y', y)(-A + f,l)-\z, w) 

x'y'zw 
z,z 

(16) 
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Figure 1: The fermion self-energy So(x, 



Here we have defined vertices 

V<:),...,„>... ^ - 0(e;, (17) 

They vanish unless zi = ■ ■ ■ = Zn and yUi = ■ ■ ■ = jjin- The vertex Vioj*^ is the lattice 
version of ie^'y^. The sums in (0) are restricted to nearest neighbors of x, y in T^^^. 
The expression corresponds to the diagrams shown in figure |I|. Terms in which the 
fermion fields in the potential contract to each other do not occur. f\ 

The singularity comes from the non-summability of Ho{x,y). As d{x,y) — >■ oo the 
best estimates uniform in N are (—A + fj,l)~^{xx' ,yy') = 0{d{x,y)~^) for bosons and 
{—D{0) + mo)^^(x, = 0{d{x,y)^^) for fermions and hence So(x, y) = 0{d{x,y)^^). 
This gives the logarithmic divergence when summed. The counterterm is chosen to 
compensate and we take 

Smo = - ^ ^oix,y) (18) 

This is independent of x by translation invariance. 

When the cutoffs are removed the divergent part of 6mo formally vanishes by sym- 
metry considerations. This suggests that perhaps we do not really need the mass coun- 
terterm. We include it nevertheless as a convenient way to cancel dangerous looking 



^ For example such a term is 

^ Vill (^~' ^' y)i-^ + /^o)"' (^~, ^) tr (Villiz, w, w'){D{0) + m^)-\w\ w] 

zzww' 

The trace vanishes by charge conjugation invariance for we have that C^^Ve]i^^^{z,w,w')C = 

-[Vi]),^,{z,w' ^w)]^ and C~^{D{Q) + mo)~^ {w' ,w)C = [{D{Q) + mo)-^{w' ,w)Y' . Wick ordering re- 
moves self-contraction in the counterterm. 
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terms in our effective actions. Along tfiese lines we mention also that 5mo is formally 
a Dirac scalar when the cutoffs arc removed. We do not claim it is true as it stands. 

The vacuum energy countcrtcrm can also be chosen from looking at the divergences 
in perturbation theory. But now one would have to include all diagrams up to sixth 
order. We do not really want to go to the trouble of keeping track of all these diagrams, 
particularly since the vacuum energy does not contribute at all to the correlation func- 
tions. Instead wc pick a counterterm by a method more suited to our analysis. The 
counterterm is taken to have the form 

N-l 

SEo = ^^j (19) 
i=o 

where the j*'' term is chosen to remove dangerous terms in the (j + 1)''* RG step. The 
factor L^(^+^-^') is the volume in which we will be working at that point. The energy 
densities 5£j are to be specified, but we will have 6£j = C(e^) where Cj = L~^^~^^/'^ is 
a running couphng constant. Note the quadratic divergence SEq — 0{LF'^). 



2.3 the RG transformation 

The renormalization group (RG) is a series of transformations which average out the 
short distance features of the model, leaving only the the long distance properties in 
which we are interested (now that we have scaled the model). Here we define a simple 
version of the first RG transformation. Our purpose is to explain the general idea and 
establish some notation. This simple version will not be suitable for iteration which is 
the eventual goal. Counterterms are omitted. 

First we define averaging operators. These take functions on T%_^j^ to functions on 
'^iv+M defined for spinors and vector fields respectively by 

{Qeo{A)f){y) = L-' J2 exp{teoA{T,,))f{x) 

^"^^^^ (20) 
{Qh),{y) = Yl 

xeB{y) 

Here for y e Tj^^j^^ we have defined 

Biy) ^{xe T%^^ ■.\x-y\< L/2} (21) 

The distance is |a; — 1/| = sup^ — so this in an L-cube centered on y. We assume L 
is odd so the B{y) form a partition. Also Ty^ is a rectilinear path from x to y obtained 
by successively changing each of the three components, and A(r) — Ylx'xev^x'x- The 
spinor averaging operator is chosen to be gauge covariant: 

QeM - dX) = e-'^"^g(yl)e^^°^ (22) 
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Let Qeo{A)'^ ,Q'^ denote the transpose operators which take functions on Tjy+M to 
functions on T^_,_^j. These are defined with respect to the natural inner product on 

7V+M5 



Tjy , ^, i.e. sums are weighted by L^. They are computed to be 



iQ,Mff)ix) = exp (teoAiTy,)) f{y) 
{Q''h),{x)=h,{y) 



where y is the unique point so x G B{y). We have (5eo(~^)Qeo(^)^ = ^ and QQ^ = I 
while Qeo{—A)'^QeQ{A) and Q^Q are projection operators. 

Now starting with the density po on T^_|_jy,j then we define a transformed density on 
T]v+A/ by g 



Pi{^,A) =co J exp (^--^|A-gAop)exp (^-^\^ - Q,,{Ao)^o\ 
Poi^o,Ao) rf^o dAo 



(24) 



We have passed to a larger Grassman algebra generated by ^E', ^E'o and are now integrat- 
ing over the \E'o part of it. We have also introduced the (somewhat abusive) notation 

1^ - g(Ao)^o|' = (^ - QeohAo)^0, ^ - Qeo(^)^o) (25) 

The positive constant a is arbitrary and the constant cq is chosen so that 

j pi(*, A) dA = j po(^o, Ao) c/^o dA^ (26) 

Now insert the expression for po into (p^. The quadratic form in (A, Aq) is 

- QAor + ^(Ao, (-A + pI)A,) (27) 
and we would like to diagonalize it. To this end we introduce 

A# = -A + p2 + ^grQ (28) 

This is positive and so we can also define 

C ={A*Y^ 



=^ (A#)-g (29) 



T 



^We frequently allow 'I' to stand for the pair (^P, ^) 
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Here C is an operator on T^^_^ (more precisely an operator on functions on bonds in 
"^%+m)i -^1 is an operator from T]y_^_^^ to T^+m , and Ai is an operator on Tjy^j^^. The 
quadratic form is diagonalized by the change of variables Aq ^ Aq + HiA. Under this 
transformation the quadratic form becomes 

i(AAiA) + i(Ao,A#Ao) (30) 

We have split it into a piece for the background field A, and a piece for the fluctuation 
field Aq. Now identify the Gaussian measure 



d^^c^{Ao) = Z-^exp (^-^(Aq, A#Ao)^ dA^ 



(31) 



where Zi is a normalization factor. Defining A = HiA, and omitting counterterms for 
simplicity our transformed density has become 

pi(^,A) = coexp ( -i(AAiA) ) Zi 



y exp (-||^ - QeM + Ao)^o)P - (^0, (DeoiA + Ao) + mo)^o)) c?*o dfiCoiAo) 

(32) 

Next we define a potential Vq by 

QeM + Ao)^o|' + (^0, {DeoiA + Aq) + mo)*o) 

a ~ ~ ~ (33) 

= -|^ - geo(^)^o)|' + (^0, (DeM) + ^0)^0) + V^o(^, ^0, A A) 

Thus Vq is the part of the fermion quadratic form depending on the fluctuation field Aq. 
The fluctuation field is massive due to the Q^Q in A*. Hence large Aq is suppressed 
and we can expect that Vq is small. The most important contribution to Vq is from the 
term 

i^o,D,,{A + Ao)^o) - i^o,D,M)^o) = 5^^'o(x)7xx'e*'"^(""'He*'"''°^""'^ - 1)^0(2;') 

xx' 

(34) 

The lowest order term in eo gives the classical interaction vertex, but with the back- 
ground e'^'^°^. Higher order terms give multiphoton vertices. There are also vertices 
coming from the Q terms. 

Now consider the fermion quadratic form with background field, i.e. the first two 
terms on the right side of (|55D. We want to diagonalize in \l/o. This involves the 
inverse of the operator 

D*{A) = D,,{A)+mo + j Qe,{~AfQ,,{A) (35) 

11 



(We could write Qeo{—A)'^ as Qeo{A)* where the adjoint refers to a complex inner 
product). However we cannot control the inverse unless with have control over the field 
strength for A . This is an issue we address in the the rest of the paper. For now we 
just assume that eQ\dA\ is sufficiently small. In this case we can define 

r(i) ^D*{A)-^ 

f D*{A)-'Q,,{-Af on* 



H,{A) 



I [D*{A)-YQ^,{Af on * (36) 



DM) =L-j2 Qeo{A)D*{A)-'Q,,{-A) 

Now make the change of variables *o ^ *o + i?i(^)* and ^ + Hi{A)^ . The 
quadratic form becomes 

(^,Di(i)*) + (^'o,i^*(i)*o) (37) 
We identify the fermion Gaussian measure 

^^r(i)('^o) = ^i(^)"'exp (-(^o,i?*(i)*o)) ci*o (38) 

where Zi{A) is the normalization factor. With ^(A) = Hi[A)'^ the complete fiuctua- 
tion integral is now the Gaussian integral 

Si(vl/, A) = J exp (-H(*, *o + ^{A), A, Ao)) dfi^^^^{^o)dfici^o) (39) 

and the overall density is 

Pi{^,A) = Co exp (^~{A,A,A)) - {^,D,{A)'^)^ Z,Z,{A) 2i(*,i) (40) 

We note that (^, DilA)"^) and Zi{A) and Si(^', A) are all invariant under gauge trans- 
formations in the variables (^, *, A). (They would not be invariant in the fundamental 
variables {^,'^,A).) 

Finally we scale back to fields on a unit lattice. For Ai on T%_^_j^_-^ by we define 

Pl(*l,Ai) =pi(*l,L,Ai,i) (41) 

For the boson parts of this we define Q = a^^Qcri which is the natural averaging 
operator mapping functions on T^^J^^_^ (an lattice ) to functions on T^_,_^_x- 
Then we define 

Gi =L-V^iCo = (-A + + Q^Q)"' 

ni=al'H^aL = aGiQ'' (42) 
Ai =LV^^AiaL = al- a^QGiQ^ 

12 



-1 

Af+M-1' 



Here Gi is on operator on on T^^^^ -,^ , Hi is an operator from T^.,.^^.]^ to T 
and Ai is an operator on T^_^_j^^_^. The background field A = HiA scales to HiAi^i 
on T^_,_j^^, and it can now be written Ai^l where Ai = HiAi is a field on T^^^_-,^ 

Now for fermions we define Qei(-^i) = o"L^Qeo('^i,L)o"L which is the natural aver- 
aging operator on T^+j;,/_i with ei,Ai. Then we define 

\aSx{A\y Qe^{AiY on ^ 
Di(^i) =L a-^^bMx.L)oL = al - a^Q,,iAi)SMi)QeA-Aif 

The fermi field '^{A) scales to Hi{Ai^l)'^i,l which can be written where 
iIji[Ai) = 7ii(^i)\E'i. This field appears in the scaled fluctuation integral 

=Hi(^i,i,A,L) (44) 

We also define Zi{Ai) = Zi{Ai^l)- Then we have for the new density (still under a 
small field assumption) 

pi(^i, Ai) = Co exp (^-^(Ai, AiAi)) - (^'i,Z}i(A)^i)) ZiZi(A)Hi(^i, A) (45) 

This expression shows a nice split into a kinetic part (the exponential) and an 
effective interaction (the rest). Next one could compute the leading contributions to 
Zi{Ai) and Si(\Efi,^i) in perturbation theory. However we leave this for the full 
treatment. 

Another representation: Suppose we undo some of the steps that got us here. Go 
back to the expression (|40|) for pi(\l/,y4). Express Zi{A) and Zi as integrals over 
and Aq and then make the inverse transformations \l'o ^ ^E'o ~ ^{A) and Aq ^ Aq — A. 
This yields 

Pi(vl>,A) =Co Hi(vl>,i) [ exp (^-^|A-gAop)exp (^-^\^ - Q{A)^I^,\^^ 

expi--{Ao,{-A + fil)Ao) - (^'o, (^eo(^) + "^o)^o) 1 ^^o dAo 

This can also be scaled to get another representation for pi(\E'i, Ai). The expression 
(^) is close to what we started with in (^). The change is that the gauge field Aq 
has been replaced with a background field A with fewer degrees of freedom, and there 
is a corresponding correction factor Si(\E',74). Variations of this representation will be 
useful for iteration. 
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2.4 some tools 



We introduce some tools that we need for subsequent developments. These are roughly 
ordered by length scale. 

A. We use random walk expansions for the basic propagators C and T{A) assuming 
eo|5y4| is sufficiently small. These are developed on a scale Mq which is a fixed power of 
L. We consider the Mq lattice T^'^j^ A path is a sequence oj — (jo, Ji, ■ ■ ■ ,jn) of points 
in this lattice which are neighbors in the sense that \ja — ja+i\ = or Mq. Associated 
with a path c<j is a sequence {Oj^, Oj-^, ■ ■ ■ , Oj^) of overlapping 2Mq cubes Oj centered 
on the points j. We write u : x y ii x E Oj^ and y G Oj^. 

The random walk expansion has the form 



u):x—>y 

C{x,y) = ^ C^{x,y) 



(47) 



ijj-.x—fy 



The individual terms are (C(I)Mq"^)^^'^) where £(a')=number of steps in uj, and this is 
sufficient for convergence if Mq is large enough. From the condition a; : x — > y we can 
also extract some exponential decay and obtain for (3 = 0{Mq^) 

\r{A,x,y)\, \C{x,y)\<CeM-Pd{x,y)) (48) 

We also note that T\^^^{A) depends on A only in Oj^ U Oj-^ U • • • U Oj^. 

See appendix A for details of this construction and the original references. 

B. The fluctuation integrals will be processed by a cluster expansion. This means 
all terms must be localized. This will be done on a scale Mi, also a fixed power of L but 
larger than Mq. A will denote a Mi cube centered on the "^n+m lattice. These partition 

the lattice. A union of such A will be denoted by X, Y, Z, Such a set is connected 

and called a polymer if for any two A, A' C X there is a sequence A, Ai, . . . A„, A' 
in X such that consecutive blocks touch in any dimension. The terms in our effective 
potentials will be polymer sums E[X) where E[X) only depends on fields in X. 

C. We introduce a scale beyond which correlations are completely negligible. This 
is defined by 

r(eo) = (logeo^)'- = + loge-^y (49) 



for some small positive integer r. If N is large then cq is small and r(eo) is large; we 
assume it is larger than Mi. Let Rq = infm{L"' : L'" > r(eo)} be an associated power 
of L. We will consider blocks □ of size Rq centered on points in T^°^jy^ and collections 
of such blocks denoted Jl, A, .... 
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We also will use approximate propagators which do not couple beyond this scale. 
These are defined in terms of the random walk expansion. Let Xuj{x,y) is the charac- 
teristic function of paths which stay within r(eo)/2 of both x and y. Then we define 



r'°^(Aa:,i/)= ^UAx,y)Xuix,y) 



(50) 



These vanish for d{x,y) > r(eo)/2 and still satisfy (^ 



D. We introduce a scale which distinguishes between large and small values of \dA\. 
This is defined by 

(51) 



p(eo) = (logeo^)^= (^l+loge-ij 



for some integer p larger than r. "Small fields" will satisfy conditions like \dA\ < 
O{p{eo)) and may actually be rather large. Still eo|i9A| would be small as required for 
the existence of T{A). 

F. Finally we discuss introduce some norms for fermions. Let ^ stand for {0,a,x) 
or {l,a,x) with x G Tat+m and 1 < a < 4. Then define \E'(0,a,x) = \E'a(x) and 
\E'(1, a, x) = ^oi{x)- We consider elements of the Grassmann algebra of the form: 

oo 

K{^) = Y,i/n\ fcn(ei,-,en)^(ei)-^(en) (52) 

n=0 Clv.Cn 

The kernel /c„ may also depend on the gauge field A. A family of norms is defined by 

\\K\\H = y^^\\kn\\i (53) 

n=0 

where is the ii norm and h = 0{1) is an adjustable parameter. These norms 

satisfy < ||i^'||/i||L||/j. Properties and variations are discussed in appendix B. 

We will also want to consider functions which only depend on dressed fields like 
^ = ^{A) = Hi{A)'if. These would have the form 

00 

X(^)=J]l/n! J2 fcn(ei,-,en)^(6)-^(U (54) 
n=0 



We define a kernel norm by 



00 , „ 

|i^U = V^||A;„||i (55) 

n=0 



This still satisfies \KL\h < \K\h\L\h. 
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3 The first step 



We now give another version of the first RG transformation and this time it is something 
we can iterate. The idea is to break up the RG integral over the gauge field into a 
large fields and small fields. This is done at each point in space time we generate 
a sum over regions where the field is large and regions where the field is small. In 
the small field region we can carry out the analysis of effective action that we have 
sketched. Furthermore we can make a perturbation expansion with good control over 
the remainder. The contribution of the large field region makes a tiny contribution due 
to tiny factors from the free action. These small factors are enough to control the sum 
over the regions. We now enter into the details which follow especially 0,0]. 

3.1 the split 

We analyze (^), but now splitting into large and small field regions. The small field 
region will be a set on which the following inequalities hold 

\dAo\ < p{eo) 
\Ao\< /ioV(eo) (56) 
\A-QAo\ < p(eo) 

These correspond to various terms in the action. Fields which violate them will be 
exponentially suppressed. 

Specifically we insert under the integral sign the expression 

l = J2Coi^''^A,Ao)xoi^,AAo) (57) 
n 

Here Q is an arbitrary collection of blocks □ of size Rq. The function xoi^^ A, Aq) 
enforces the inequalities (^6]) on Q and we take it to have the form 

Xo{n,A,Ao) 

= n xmo{x)\/p{eo)) n x(|Ao(x)|/^o yeo)) J] xiU - QAo){y)\/p{eo)) (^8) 

xSf! x6f2 yGSl 

where x('^) is a smooth positive function interpolating between x = 1 ^^i |a;| < | and 
X = for \a\ > 1. We assume the derivatives satisfy Ix*-"^! < 0(n!^). The function 
Co(f^'^, A, Aq) is also smooth and enforces that at least one of the inequalities ( ^61) (with 
a factor i) is violated at some point in every block in Q'^. For the explicit formula see 
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Now we have 



(59) 



exp (-^1^ - QM^ - ^(^0, (-A + fil)Ao 
exp (^-||^ - Qeo(^o)^or + (^0, Peo(^o) + rno)*o) - t^(5mo) 

3.2 boson translation 

Again we seek to diagonalize the boson quadratic form, but now only in the small field 
region. We define a local version of Hi by 

= ^C'"V^ (60) 

We approximately diagonalize by making the transformation 

Ao^Ao + = Ao + Aw (61) 

Here Q' is Q shrunk by a corridor of Rq blocks so that d{Q'^,Q') = Ro > T(eo). Since 
H{°^ has range r(eo)/2 the expression [iJ{°'^y4]f7' only depends on A in f2 where we have 
some control. 



Lemma 1 Under the transformation ^6^) the boson quadratic form becomes 



^(A, [Ki]nA) + ^(Ao, A#Ao) + F' + W' (62) 

Here each = F\A, Aq) is localized m {Vt"Y and = W\A, Aq) has the form = 
Ylxcfi ^^{-^) where the sum is over polymers X . The function W''{X) = W''{X, A, Aq) 
only depends on A,Aq in X. Assuming the bounds ^5BJ we have with [3 = Mq^ 



\W\X,A,Ao)\ < C)(l)e~5/3-(^«)e-5^^^il^li (63) 



Remarks. Here are some notational conventions 

1. If / is a function then = xnf is the restriction to Q. If T is an operator the 
Tn = XnTxn and Tnn' = XnTxw- 

2. The general convention is that constants denoted 0{1) may depend on the pa- 
rameters L, Mq, Ml, fi, but not on e,m or on the fundamental cutoffs N,M. A 
constant which is independent of all parameters is designated as universal. 



17 



3. The symbol |X|i stands for the number of elementary Mi blocks in X. Thus the 
volume is |X| = Mf The quantity Mi|X|i is the linear size of |X|. In fact 
if jC(X) is the length of the shortest tree joining the centers of the blocks in X 
then £(X) = Mi(|X|i — 1). We could have written the bound with C{X). Since 
PMi = 0{Mq^Mi) is assumed large the factor controls the sum over 
X. The relevant standard bound is that for n large enough 

J2 e~"'^'' < 1 (64) 

Or we could replace the condition X D A by X touches A. 

4. Note that e~''("«) = O(e^) for any n; it is extremely small. 



Proof. Making the translation the term quadratic in Aq remains ^(Aq, A#Ao) where 
A* is defined in ( |28|) . 
The cross term is 

{Ao,A*[H["^A]n') - ^{QA,,A) (65) 

We replace Aq by Aq^q. In the first term there is no change and the difference for the 
second term is localized in Qf^ and contributes to . Thus it suffices to consider ( |65l) 
with Aq q^. Next we write 

[H'rA]^, = [H'rAnh' = H'rAn - [H'rAn\n,y (66) 

The term [H^°^A^{^^iy has A dependence in r2n {VL"Y, and its contribution also has Aq 
dependence in this set. Thus these terms contribute to F^. We are left with 

(Ao,n, A*H[°'An) - ^{QAo,n, An) (67) 
If we replace H[°'^ by Hi we get zero. Thus we can write this term as 

Wi = (Ao,n, A*{H["' - Hi)An) (68) 
The terms quadratic in A have the form 

^(^, A) - -^(A, Q[H['"^A]n') + l{[H["^A]n>, A#[if^A]^0 (69) 

We replace A by Aq ■ The difference only comes from the first term and it contributes to 
F^. We also insert (|66|) and again the terms arising from [H["'^An](n')'' are all localized 
in f2 n {Q"Y and contribute to Fi,. We are left with 

:{An, An) - ^{An, QHi^'An) + liHi^'An, A*H["^An) (70) 
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If we replace H^^" by Hi we get ^(An, AiAq) = \{A,Ai^q,A). The difference is 



1 1 (71) 

+ -{{H'r - Hi)A^, A*Hi"'An) + -{HiAn, A*{H[°' - H{)An) 

Now we have estabhshed the representation (|62D with = Wi + W2- 
Let us analyze Wi. It can be written 

Wi = {Ao,WiA) = A^^o{x)wi,^,,{x,y)A,{y) (72) 

x,y£Q 

Now Wi depends on Hi — H[°'^ and hence on C — C'°^. In appendix ^ lemma |1^, we 
use a random walk expansion to find a local expansion C — C^"'^ = ^j,^ 6C{X) in which 
5C^^u{X,x,y) is supported on X x X and only very large X contribute. This leads to 
an expansion wi = J2x "^li^) with wi^^^i^{X, x, y) supported on X x X and satisfying 

\wi{X,x,y)\ < C)(i)e-'3-(-o)g-/3Mi|xKg-/3d(x,y) ^^^^ 

Now we have Wi = J^x^^i^) where Wi{X) = {Ao,wi{X)A). We have the weak 
bounds l^ol < A^o V(eo) and 

\A\ <\A-QAo\ + \QAo\ < O{i2^'p{eo)) (74) 

The factors 0(/iQ ^p(eo)) are compensated by a factor e~5/5^(^o). We also get a volume 
factor |X| = |X|i which is dominated by a factor e-2/3^^il^li. Overall we have 

\Wi{X)\ < e--2^<'o)^-lmi\xh (75) 
The analysis of W2 is similar. This completes the proof. 
At this point we have 

pi{^, A) = coe-^^" Yl [ "^^odAo Co(^^^ A, Ao) Xo{^, A, An' + A^) 

exp (^-i(A Ai,f,A) - i(Ao, A#Ao) - F" - ly^)^ (76) 

exp (-||^ - QeMn' + Ao)^o\^ - (f'o, (^eo(^n' + ^) + ^0)^0) " ^^(^^0)) 
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3.3 new field restrictions 

Let us consider the characteristic function Xo(^5 A, ^c + ^o) where we recall that A is a 
function on T\f_^_pj and that Aq,A = H[°^A are functions on T^_,_^. The characteristic 
function imposes that on Q' 

\diA + Ao)\< pieo) 

\A + Ao\ < ^oV(eo) (77) 
\A-Q{A + Ao)\ < p{eo) 

These inequalities imply inequalities on the fields A, Ao, A separately as follows 

Lemma 2 Assume, ^T\ ) holds on Vt' . Then there are constants Ci,C2 such that 

1. \dA\ < Cip{eo) and \A\ < Ci^Uq V(eo) on n' . 

2. A = Q^A + O{p{eo)) on Q" 

3. \Ao\< Cip{eo) on n" 

4- \dA\< C2p{eo) and\A\< CayUo V(eo) on n" 

Remarks. The bound O{p{eo)) on the fluctuation field Ao is a substantial improvement 
over 0{fj,Q^p{eo)). Since we are on a unit lattice we have the same bound for OAq. 
The last bound follows directly from (L) and (3.), a fact we use later on. 

Proof. The proof follows 0. 

1. Let A = A + Aq. We have for y,y + Le^ G Vl' 

\{d,A,){y)\=L\AM-My + Le,)\ 

<L\{QA,){y) - {QA,){y + Le,)\ + 0{p{e,)) (78) 
<0{p{eo)) 

where we have used the first and third bounds in ( ffTl) . This proves the bound 
on OA. The bound on 1^41 follows similarly from second and third bounds in (l77|). 



2. \i X & B{y) then {Q'^ A){x) = A{y). Thus we must show that for x & B{y) G Q" 
that 

i(x) = Aiy) + Oipieo)) (79) 

We write 

i(x) = (i/^AnO(x) = (i/^lnO(x)A(|/) + (H'riAn' - In'Aiy))) (x) (80) 
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The second term in ( |80| ) is Xlyec H[°'^{x, y) {A{y') — A{y)) . This vanishes unless x 



and hence y are in the same component of il' as y'. Thus we can use the estimate 
on dA to get \A{y') - A{y)\ < d{y,y')0{p{eo)). The term is then O(p(eo)). 

For the first term in (ROl) we write 



{H'rin'){x) = {Hil){x) - {H,l(n'Y){x) + ((//^ - Hr)ln'){x) (81) 
For the last term here we again use lemma |l^ which has tiny factors e~'^'^^°^ to 



dominate the C(/iQ V(eo)) bound on Aiy) and give O(p(eo)) (or better). For the 
second term Hi connects x G Vt" to points in {Vl'Y and thus also has tiny factors 
from the decay of Hi. For the first term we have 

H,l^±CQ-l = C{^,Q-Q)l ^^^^ 
=l-C(-An + f.S)l = l + 0(/,5) 

Hence {Hil){x)A{y) = A{y) + O{p{eo)) and hence the result. 
3. Now consider the bound on Aq = A — A. For x & B{y) G Q" we have 

|Ao(x)| < \A{x) - {QA){y)\ + \{QA){y) - A{y)\ + \A{y) - A{x)\ (83) 



The first term is O{p{eo)) by the first bound in ([77D, and the second term is 
C(p(eo) by the third bound in (|7^). For the last term we use (^ ). 

4. This follows using the bounds (^) and the bounds on Aq. But we want to 
also show that it follows just from (1.) and (3.). In fact if (1.) holds then 
the identity ( [79D holds. Hence the bound on A follows from the bound on A 
and the bound on dA follows from the bound on dA. In the latter case look at 
{d^Ajj){x) = A{x + e^) — A{x) separately in the cases where x and x + are or 
are not in the same B{y). This completes the proof. 

Now introduce new characteristic functions enforcing the conditions on A, Aq by 
defining 



B4) 



and inserting Xi(f2", A)x*(f2", Aq) under the integral sign in (|76|). 
Consider the old factor 

Xo(^^, A, A^, + Ao) = Xo(^^ - A, in' + Ao)xo(f^", A,A^ Aq) (85) 
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With the new characteristic functions in place it is safe to break up the second factor 
by replacing x by 1 + (1 — x) at each point. We get an expansion of the form 

Xoin", A,A + Ao)=J2 - A, ^, ^ + Ao) (86) 

Acn" 

The sum is over unions of Rq blocks A C Q" and the function — A, A, A + Aq) 
forces at least one of the inequalities (^) to be violated in each block in Q" — A. 
Let us collect some of the the characteristic functions into 

Xo,n,AiA, Ao) =Xo{^ - n\ A, An' + Ao) x*{^" - A", ^o) 

Co,n,A(^, ^o) =Co(^^^ A, Ao) an" -A,A,A + Ao) 

The overall expression is now 

exp K^nA) - ^(Ao, A#Ao) -F'- W')^ 

exp (-^1^ - Qeo(^Q' + ^o)^or + (^0, (^eo(^f7' + Aq) + mo)^o) - v{5mQ)^ 

(88) 

where the sum is restricted by A C Vt" . 
3.4 potential 

The quadratic form for fermions has the external field A^' + ^o- We want to take 
out the Aq, but only in the region where we have control. Let 6q be the characteristic 
function of Vt" and write A^' + Aq = A'^ + 5A'^ where 

A+ ={l-9o){An' + A,) + eoA 

Then = O{p{eo)) and on Vl" we have = dA = O(p(eo)). Now write the 
quadratic form as 

^|vl> - Q,„(A+ + M+)vI/o|2 + (^0, {D,,{A+ + M+) + mo)vI/o) 

^ _ (90) 

= ||^ - geo(^+)^Or + {^0, (^eo(^+) + mo)^o) + K)(^, ^0, M+) 

(This is the same Vq as before with new arguments). We also want to include the mass 
counterterm and part of the energy counterterm defining 

l^J = yo + 5t;o + 5^oL3(*^+^) (91) 

We need a local version. 
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Lemma 3 The potential VJ)'(\1/, \l/o, A'^, SA'^) has the expansion Vq = ^o(^) where 
X has one or two blocks and Vq{X) only depends on fields in X. With 5A^ = (9(p(eo)) 
we have 

K{X)\\,<0{eop{eo)) (92) 

Proof. We establish the result for each part separately. Making the conjugate variables 
explicit we define for Mi-blocks A, A' 

Vo{A, A', ^, ^0, A-', 6A+) = Vo{^, ^, U^^o, U'^o, A+, 6A+) (93) 

This vanishes unless A, A' either coincide or have a common face. For such A, A' and 
X = A U A' define V{X) = V{A,A'). Define V{X) = for any other polymer X. 
Then 

A,A' X 

(Since SA'^ vanishes away from Q" we have that Vo{X) vanishes for X away from 
Q"). The bound on 6A^ gives \ exp{ieo6A^) — 1| < (9(eop(eo)) and this leads to 
\\VoiX)U<Oieop{eo)). 
Next define 

Svo{A) = ■ ^oix)6mo^o{x) -.§0 (95) 

x,y&A 

and then Svq = ^^Svo{A) = Ex'^^o(^)- We have \\6vo{X)\\h < 0{el ■ N) < 
O(eop(eo)). We also define 6So{A) = 6SoMf where SSq = 0{el) is still to be spec- 
ified. Then S£q L^(^'^+^) = S£o{A) = J2x ^^o{X). Thus we have our expansion 
with V^{X) = VoiX) + 5voiX) + 6£oiX). 

3.5 fermion translation 

The quadratic form for fermions is now 

||vl/ - g,„(A+)vl/o|2 + (^r,, (D,^(A+) + mo)^o) (96) 

We introduce 

^.oe.^.^ fir-(A-^)Qeo(-A-^)- OnVE. 

If r'°W^Qeo(A-^)^ on^ ^''^ 

where r^°'^(A"'") is defined in (^). This is not well-defined everywhere since dA'^ may 
be large. Nevertheless we can use it in the transformation 

^0 ^ *o + [H['"'{A+)^j,, = ^0 + ^(^"')a' (98) 

and similarly for ^. This only depends on A'^ in A where A'^ = A and we have control 
over dA~^ = dA. 
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We also introduce 

&r{A^) = I - ^geo(^+)r'°^(^+)Qeo(-^+)^ (99) 

this is well-defined when restricted to A'. 

Lemma 4 Under the transformation the quadratic form becomes 

(fr, [b{"''{A+)]-^,^) + (#0, D*{A+)^q) + Ff + Wf (100) 

Here = ^o, ^, ^o) «s localized m {K"f and = iy^(^, ^, ^o) has the 

local expansion = J2x W^'^(-^) where W-^{X) has fields localized in X and satisfies 

\\W^{X)\\h < C(e-^'^"(^»))e-5/3A^il^li (101) 

Remark. In the course of the proof we will want to make further restrictions to A 
such as r^(yl+) = [D"^ {A~^)]^^ (first restrict, then inverse) and a local version r|"^(y4"'") 
defined by the random walk representation as in (^Oj). These define restricted operators 
a(^''') H^i^{A~^) just as in ( PBD (^7\). Defining these operators as zero off A they 
are defined everywhere. 

Proof. The term quadratic in \l/o remains {'^q, D'^{A'^)'$q). The cross terms have the 
form 

- 7(Qeo(-A+)^o,^) + {^o,D*iA^)[H[''^{A^)<il]^,) 

a (102) 

- -(^,Qeo(^+)^o) + {[H["'^{A^m-^,,D*{A^)^o) 

We focus on the first line. Replace by ^'q^ and the difference contributes to F'^. 
Next replace D'^{A~^) by D'^[A'^)ji^ at no cost. Then replace by \E'^, and again the 
difference contributes to . Now in [if{°^(y4"'")\l/y^,]y^, the only paths which contribute 
avoid the boundary of A and so we can replace it by (y4"'")\l/^,]^,. Finally we drop 

the outside restriction to A' at the cost of another contribution to F''. At this point 
the first line has become 

-|(geo(-^+)'J'0,A>^A') + (^0,A'>^*(^'')a^?1(^'')^A') (103) 

If we replace ifj°|(yl+) by a(^^) we get zero. The difference is 

W, = (^o,A, D*{A+)^{H[J{A+) - H,^^{A+))^^,) (104) 

To estimate W3 we use r^(A+) - Tf{A+) = 'Zx ^'^ A,xi^^) where STj^ j^{A+) is 
supported on X x X and 
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See appendix y. The same holds for — a(^^) ^^^'^ breaking D'^{A'^)\ 

into small polymers (c.f. lemma |] ) gives the local representation = Ylx^^i-^) 
with ||W^3(X)|U < C'(e-^'-(^o))e-5^^^il^li. 
The term quadratic in \E' is 

,vi/) - ^{^,QeM'-)[H[''W^k') - Y^Qeoi-A^rn'riA-^mK.^) ^^^^^ 

We make the replacements D*{A'^) and v]/^, and [iJ{°''(A+)\E']^, ^ 

. Just as for the cross term the difference contributes to F-^ . Now replace 
by and call the difference W4. We are left with 

2 

f (^AM^aO - |^(^A',Qeo(^+)rA(A+)Qeo(-^+)^^A') (107) 

Next replace r^(A+) by r|'^(a4+) and call the difference W5. Since they connect points 
in A' we can replace r-^"^(A+) by r'°'^(y4"'") at no cost and we get the announced term 

A typical term in W4 is 

- D*{A^)^H,^^iA^)^^,) (108) 

We insert local expansions for ifj°?(y4+) — if^ a(^^) above and similarly for D*(A+)^ 
and ^(y4+). The multiple sum over polymers is rearranged into a single sum which 
gives the local expansion for this part of 1^4. The estimates follow. The other terms in 
W4 are treated similarly as is W5 

This completes the proof of the lemma with W-^ = + W4 + W^. 

The full expansion is now with W = + W-^ 

~p^{^,A) = coe-'^^ Yl j ^^o^^o W(^'^o) Xo,n,A(^>^) U^\A) x*(A", Ao) 

C,A 

exp Ai,nA) - i(Ao, A* A,) - F^)^ 

exp (-(^, [&r{A+)Y^,^>) - {^>,,D*{A-^)^>,) - Ff) 

exp (-l^o'(^, ^0 + ^(^+)a', 5A+) - ly) 

(109) 
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3.6 spacetime split 



Now let us focus on the fluctuation integral. We consider the integral in two steps, 
first integrating over the fields inside A = A" by conditioning on the fields outside, and 
then doing the remaining integral. The conditional expectation can be identified with 
a Gaussian integral with non-zero mean depending on external variables. The relevant 
identities can be found in appendix y. When we carry out this step only Vq, W depend 
on variables inside A. Taking account also that A'^ = A in A we obtain 

n,A 

exp A,,nA) - ^(Aq, A*Ao) - F')^ (no) 

exp (-(ir, [&r{A+)]j,,^) - {^o,D*{A-^)^o) - F^] 



where 



-A 



exp ^0 + ^(^+)a', SA'') - ^0, A, Ao)) 

(111) 

Here the Gaussian integrals have covariances and means 

aA =[A*]-'A*^^Ao,A^ 
Ta{A) =[D*{A)a]-' 
P^iA) =[D*iA)A]-'[D*{A)]AAc^o,M 

Here i3a{A) is the mean for \1'o,a. There is a similar i3a{A) as the mean for ^^o,a- See 
the appendix. We note that the integrand in ( |1 1 1| ) contains extensive dependence on 
variables outside A. 



3.7 backing up 

Let us define to be the same as Sa but with V^' = and x* = 1- We will see that 
S)^ is invertible, i.e. the no-fermion part is non-zero. Thus we can write 




(113) 



^ The expression might more accurately be denoted a- notation reflects the fact that 
the important dependence is on A = A". 



26 



Now put this in ( |11CI| ) and then undo the conditioning with the first factor S]^. The 
second factor Sa is not affected since it only depends on variables in A^. This gives 

n,A 

exp Ai,nA) - ^(Ao, A*Ao) -F'- W'^ (114) 

exp (-('I'A, [&r{A+)h>^A) - {^o,D*{A-^)^o) - - W^) 

We also undo the translations. We make the inverse transformation \E'o ^ ^0 ^ 
\E'(yl'^)y^,. By lemma |^ the second exponential above is changed back to to the expo- 
nential of the original fermion quadratic form (|96|). We also make the inverse transfor- 
mation Aq —>■ Aq — Aqi By lemma |l] the first exponential above is changed back to to 
the exponential of the original boson quadratic form ( pTj) . 

In addition there the following changes changes. The characteristic functions be- 
come 

<q,a(^' ^0) =Xo,q,a(^. ^0 - An') 

=Xoi^ - A, Ao) x*i^" - A, ^ - An') 

Coaa(A^o) =Coaa(^>^o-^') 

=Co{n',A,Ao) C{^"-~A,A,Ao) 



;il5) 



The background field for the fermions changes from A"^ to 

A* = {l-eo)Ao + eoA (116) 
Finally the fluctuation part is transformed to 

E'j, ^o,A=, A, Ao,Ac) = Ea ^o,A= - A, Ao,A= - An'-A^ (117) 

Thus our expression has become 

pi(vi>, A) =coe-^^^ J2 / ^^o^^o Cin,A^A,Ao) x;,^,a(^'^o) Xii^",A) 
n,A 

exp (-^1^ - QM^ - li^o, (-A + fil)Ao)^ (118) 

exp - Qeo(^*)^o|' - (^0, (^eo(^*) + mo)^i 

S^(^^,^^o,a=,A^o,aO 
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3.8 scaling 

Now we scale to pi{^i,Ai) = pi{'^i,L, where ^^1,^1 on T%_^_j^_^ scale up to 

Ai^L is on T]v+^. Define Hi"" = al^Hl^^aL- Then A = Hi"" A becomes //f = 
Ai,L where Ai — H'^'^Ai and the background field A* becomes 

ii = (1 - 9o)Ao + 9oAi,L (119) 

We also define Ciaa(^I'^o) = Q,q,a(^^'L, Aq) and Xi,n,A{Ai, Aq) = x'o^n^j^i^hL, Aq) 
and 



Si,A (^'i, ^'o,A-, Ai, Ao^Ac) (^^i^i, ^'o,A-, Ao,A^) 

Then we have the final expression 



(120) 



Pi{^i,Ai) =coe J d'^odAo Ci,n,A(^i,^o) Xi,n,A(^i, ^0) 

exp - QM^ - li^o, (-A + /^o)^)) (121) 

exp (-||*1,L - Qeo(^l)^o|' - (^^0, (^eo(^) + "^o)^0. 



^1,A (*1, ^'0,A^, Au /1o,aO Xi(^"'^^", ^1) 
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4 Fluctuation integral 
4.1 a local expansion 

We study the fluctuation integral S = Sa/S]^. First we consider the normalization 
factor S]f which is given by 

(vI/,vI/o,A.,A,Ao,A.) =1 rf/.,,,,„,(Ao.A) rf^,(^),,,(^)(^o.A) ^^22) 
exp{-W{^,^o,A,Ao)) 
This is a tiny perturbation of a Gaussian and we have the local representation: 

Lemma 5 Assume \A\ < (9(/iQ ^p(eo)) on and \Ao\ < i^Q^p{eo) on n — A. Then 

EY (VI/, vI/q^^,, a, Ao,a^) = exp W*{X, ^, vl/o,A^, A, Ao,aO j (123) 

where 

\\W*iX)\\h < 0(e"^«'3Keo))e-o(i)/3Mi|xK (^34) 



Remark. The assumed bounds on A, Aq are needed for control over W as we have 
seen in lemma |l]. Let us note that they still follow from the modified characteristic 
functions of the expansion (|110|) . Indeed the bound on A on Q" follows from the 
bounds of xi{^"yA) while the bound on A on f2 — Q" follows from the bounds of 
Xo{^ — ^",A,A^r + Aq). The bound on Aq on Q" — A follows from the bounds of 
— A, Aq) while the bound on Aq on Q — Q" follows from the bound \Aq/ + Aq\ < 
0{fiQ^p{eQ)) on Q — Q" and the bound on A. Also note that we maintain control after 
the backing-up transformation since S]^ and the characteristic functions undergo the 
same transformation. 

Proof. The expression factors into a fermion piece and a boson piece. We discuss the 
boson piece in detail; fermions are similar. The boson piece is 



(125) 



Ef'{A,AQ^A.)= I rf/i^^_^JAo,A) exp{-W\A,AQ)) 

= j ^/^Ca(^o,a) exp {-W\A, Aq + oa)) 
We recall from lemma ^ that W^'i^A, Aq) = {Aq, wiA) + |(Ao, W2Aq) so that 

W\A, Aq + oa) = {{Aq + oa), w^A) + ^{{Aq + aA),W2{AQ + oa)) (126) 
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We also have wi = Wi{X) and 

\w,{X,x,y)\ < o(i)e-^(i)/3K-o)e-o(i)/3M,|xUg-o(i)Mx,,) (^27) 

and similarly for W2- 

The terms W* = {aA,WiA) + |(aA, '?i'2«A) come outside the integral. From lemma 
|TB| we have Ca = J2x ^^(-^) hence oa = ^^i-^) with the bound |aA(-^)| < 
(9(p(eo))e~'^'^^-'^*''^^'"^'^ Use this together with the expansions for wi,W2 and combine 
into to single expansion to get = "^-^ W^{X) where Wi{X) satisfies the bound of 
the lemma. The point is that the strong e~'^'^^-'^^*^^°^ factor from Wi,W2 compensates 
the weak O{p{eo)) bound in and the yUo ^(^0) bound on A. 

We are left with the expression 

j exp(^-{Ao,f)-^{Ao,W2Ao)^dfi^^{Ao,A) (128) 

where / = wiA + W2<yA. As above we have the local expansion / = with 
\fiX)\ < C)(e-c^(i)/3'^(^o))e-o(i)/3Mi|x|i^ ^^^^ i^^^ ^^^^^ rj.^^ ^^^^^ 

W2 = (^o,A=, /) + ^{Aq^ac, ti'2^o,AO again have a local expansion and we are left with 
j exp (^-(Ao,A, /') - ^(Ao,A, W2Ao,a)^ dfi^^{Ao,A) (129) 

where /' = / + u'2^o,a=- Note that /' again has a local expansion with the same bounds 
as /. This Gaussian integral can be explicitly evaluated as 



det(l + W2CAr'- exp Q(f , {W2 + C^')-'f'?j 



(130) 



Consider the first factor in ( |130|) . Since Ca has a small i2^-operator norm we can 
write 

det(l + «72CA)-^ =exp (^-^f^^tl)^tr{{w2CAr?j = exp (^-J^W^iZ) 

\l31) 

In the second step we have inserted the local expansions for W2, Ca and defined 



W;{Z) = -J2 Yl tr{w2{X,)CA{Y,) . . . W2{X^)CA{Yr,)) (132) 



The sum is over sets Xi,Yi, . . . , X„, Yn whose union is Z. The terms in this sequence 
must intersect their neighbors, else we get no contribution. Thus Z is connected. We 
have the estimate 

\{w2iX)CAiY))ix,y)\ < o(e-<^(i)/3K^o))e-o(i)/3A/,(ixu+|yK)e-o(i)M.,,) (^33) 
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Thus the operator norm satisfies ||«;2(X)CA(r) || < C'(e-<^(i)/3'-(eo))e-0(i)/3Afi(|xu+|r|i)_ 
The Hilbert Schmidt norm ||w2(X)Ca(^) II2 satisfies the same bound with a neghgible 
factor of |X| = Mf and the trace norm ||ti;2(X)CA(l^)||i satisfies the same, again 
with a neghgible factor. Now using \tr{AB)\ < ||y4||i||i?|| we obtain 

00 n 

\W;{Z)\<Y, J]0(e-^W/5'-(^o))e-^(i)^*^i(l^''^+l^»'^) (134) 

n=l Xi,Yl,-;X„,Yn^Z i=l 

Next extract an overall factor exp{—0{l)(3Mi\Z\i). The sum over \Yn\ is then estimated 
by 

J2 e-^«^*^^l^"l^ < |X„|i (135) 

and the |X„| is absorbed by the factor q-c>Wi3Mi\x„\i ^ Continue estimating the sums in 
this fashion. In the last step we get a factor \Z\i which is also absorbed. Thus we end 
with 

00 

\W;{Z)\ < e-oW/'^il^li ^(0(e-O(i)Meo)))n (^3g) 

n=l 

which has the bound of the lemma. 

Now consider the second factor in (|13CI|) which we write 



exp Q(/', (^2 + C^yr^j = exp Q(/', Ca(1 + w.CAy'f) 
:exp (^^(f,CAf^(^2CA)"/')j =exp (^W:{Z)^ 



(137) 



In the last step we have inserted local expansions and grouped terms by their local- 
ization. The estimate on Wl{Z) is similar to the estimate on W^{Z), but now only 
operator norms enter. This completes the proof. 

4.2 adjustments 

Insert the expression ( |123|) for into E = Ea/E^ and put the terms under the 
integral sign. Also insert the local expansions for Vq and W and obtain 

Sa = 1 exp (^Eo{X)^ X*(A,^) rf/x^,,„JAo,A) ^^.(A) ^(A)^'^"'^) ^^^S) 

where 

EoiX) = - V^iX, VI/, vl/o + ^(A+)^„ A+, M+) 

-W{X, ^, ^0, A, Ao) + W*{X, ^, ^0, A, Ao) 
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This is the main object of our attention. Before we attack it however we want to 
make some adjustments. We concentrate on the case X C A' in which case the potential 
can be written Vq{X, \1/o + ^(^), A, Aq) We break it into pieces by writing (at first 
without the translation) 

V^{X, ^, ^0, A, Ao) = V.'^iX, ^, ^0, A, Ao) + V.^^iX, ^o, A, Ao) + 5Vo{X, ^o) (140) 

where V'^ is the part that comes from the variation of aL^^|^ — (5eo(^)^oP and Vff is 
the part that comes from the variation of (^^o, -Deo(^)^o) and 6Vq are the counterterms. 
Our goal is to get rid of the dependence in V^*^ and make it a function of ^(^4) = 
H[°'^{A)'$ only. This will be important later on. 
To accomplish this we define for any A 

MM) = I! «»'-*)l^*</'l^ * (141) 

which satisfies 

Ma(A)/7i,a(^) = / (142) 
Then we write with 5Q{A, Aq) = QeoiA + Aq) - QeoiA) 

J2 Vo'^iX, v]/, vl/o, A, Ao) =~ji^, 5Q^o,A') + ... 



XcA' 



L 

= - |(MA(i)i7i,A(i)^r, 5Q^o,A') + . . . 

= - ^iMAiA)H[jiA)^, SQ^oA') + ■■■ (143) 

- |(MA.(i)(i/i,A(i) - H[jiA))^, SQ<f o,A') + ... 
^ J2 Vo'^iX, ^(i), v^o, A, Ao) + V^iX, ^, v^o, A A) 

X 

Here + . . . indicates a similar term with rather than ^"^q. In passing to the last 

line in the first term we have replaced H['^^{Ax, y) by H[°'^{A, x, y) which is allowed since 

X, y are far from dA. Then we have localized the first term in ^{A), \E'o The second term 

is localized using a local expansion for Hi^\{A) — H["^{A), see lemma ^ for details in a 

similar case. Also it is tiny. We have the estimates ||\4)^(X) < O{eop{eo))e~'^^^^'^^^^^^^ 
and \\V^{X)\\h < C)(e-c^(i)/3Keo))e-o(i)/3A/i|x|i_ 

Having made this rearrangement in A' the integrand is now exp(^ E'q{X)) where 
E'oiX) = E'oiX, ^(A+), ^, ^o,A^, A, A, Ao,Ac) is given by 

JUX)-vnx) xn(AO^^0 

' \~Vo*{X) + Ro{X) XcA' ^ ^ 
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where 

v*{X) =[K,«(X) + 

V^{X) =[K,^(X) + Vo^(X) + (145) 
R,{X) =[-lAt(X)]^^^^^^^(^) - W{X) + iy*(X) 

The important term is V^* and we note that it is now a function only of the variables 
we want. 

Before the translation we have bounds on all these functions. The effect of the 
translation \E'o ~^ + ^(^) is to lower the value of h = 0{1) to h' = 0{1) satisfying 
h'{l + \\'H''"^\\ *^^^) < h. See lemma ^ in appendix |^. Thus we have the following bounds 



lK,*(X)|U,<0(eop(eo))e-^«'^*^^l^l^ 

\Ro{X)U' <0(e-^(i)'3'-(^«))e-^(i)^*^^^l^l^ (146) 
\E',iX)\W <0(eop(eo))e-^«'^^-^^l^l^ 



4.3 cluster expansion 

The fluctuation integral is now 



Our cluster expansion expresses this as a sum of local parts, but only well inside A. 
Cluster expansions similar to ours appear in [|l9l, 0) 0- 

Theorem 1 Let cq be sufficiently small (depending on L, Mq, Mi). Also let \dA\ < 
C(p(eo)) on Q" and \A\ < C(/^q "^p(eo)) on Q and \Ao\ < p{eo) on Q — A. Then 



0CA 



J]r(e'^)exp(5^^(X)) (148) 
9CA' \XC0 J 



where 



1. E{X) = E{X,'${A),'$ , A, A) only depends on the indicated fields in X (and is 
independent o/ \E'o,ac, ^o.A'^y'- There is a constant hi = 0{1) and a universal 
constant k such that 

p(X)|U, <0(eop(eo))e-'^l^li (149) 

2. Let {Qp} be the connected components of Q'^. The the sum over <d is further 
restricted by the constraint that each contain a connected component of A'^. 
Also we have the factorization T(0'^) = Yl^ T(O^) and the bound 

||r(e^)|U, < e^(i)ie§-^'lie-^l®^"^'l^ (150) 
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Remarks. 

1. The assumed bounds on A, Aq still hold in our expansion. See the remark follow- 
ing lemma ^. 

2. We have retreated from decay in the linear size Mi|X|i to just decay in 
Nevertheless the decay in T(0) will be sufficient for convergence of the sum over 

e. 

3. The function T(e^) = T{Q'/^,^{A+),^,^o,a^, A A ^oa^) only depends on the 
indicated fields in 9^. Both T(6) and E{X) depend on fl,A. 

Proof. We suppress external variables throughout. 

part I: If X is contained in A'^ then Eq{X) does not depend on ^^o.a, ^o,a and we can 
take these terms outside the integral. It remains to consider terms intersecting A. 
We make a Mayer expansion and write 

exp( ^ E',iX)) = lle^oix) 
= n ((e-o(-) - 1) + l) = E n(^"°^"^ - 1) = E ^o(X) 

X {X,} i X 

Here the sum over {Xi] is a sum over collections of distinct subsets intersecting A. In 
the last step we have grouped to together terms with the same X = UiXi and defined 

Ko{X)= E U^e^'''^''''' - 1) (152) 

{X,}:U^X,=X i 

Note that if {Xa} are the connected components of X, then Ko{X) = Yla^i^a)- 

We estimate Kq{X) for X connected. Under our assumptions on A, Ao,a= together 
with the bound |Ao,a| < C(p(eo)) from x*{^,A) the bound ([T46D on ^o(^) holds. 
Then for X connected we have 

{X,}:U,X,=X i 

In the last step the origin of the small factors is clear. For the convergence of the sum 
we use that for collections {X^} of connected subsets of X, any a, and k large enough 



exp( ^ ae"""'^'') < exp(a|X 



{^i} » " I (154) 



X'CX 
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We also remove the characteristic functions in A — X where they are not needed 
We write 

X*(A,^o)-X*(AnX,A) E C{P:Ao) (155) 

PcA-X 

Here C*{P, Aq) enforces that every block in P has at least one point where the inequality 
1^0 1 < 4Cip(eo) is violated. Explicitly 

Q:Q*fi=P xeQ ^ ^' ^ 

Here Q is a subset of lattice points in P and is the smallest union of M\ blocks 
containing Q. The purpose of this step is to arrange that every block A either has 
nothing in it, or something small. 
Now we need to analyze: 

^ I Ko{X, *o, Ao) x*(A n X, Ao) C{P, Ao) ^/^c.,.J^o) ^)"r.(A),/j.(A)(*o) (157) 
x,p 

part II.: To break up the integral wc have to break up the covariances Ca and Vx[A). 
This will be accomplished using the random walk expansion. 

We introduce a variable s = {sa} with < sa < 1 for every Mi cube A. If a; = 
(jo, Ji, • • • ,in) is a path in the Mq lattice with localization domain {Oj^, Oj^, ■ ■ ■ , Oj^) 
we define 

Su,^ Yl SA (158) 

A:An(C','^U-UO,„)^0 

Note that Oj^^ is omitted. Hence if u is only the single point {jo} (i-e. £{u!) = 0) the 
product is empty and in this case we set s^^ = 1. Now we define 

Ca{s) ^^s^Ca^^ 

A (159) 

CO 

When all variables sa = 1 wc recover the original operators Ca, T\{A). If all the sa = 
we have only paths with i{uj) = and have the totally decoupled operators 

Ca(0) =Cl^^/i,Co^./i,- 

(160) 



Now we write 



rA(o,i) =ri(i)^5^/i,ro,(i)/i, 



Ca{s) =CAiO) + 6Ca{s) 

(161) 

Ta{s,A)=Ta{0,A) + 6Ta{s,A) 
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One can show A* < 0{L^). It follows that Co = [A^l^^ ^ 0{L-^). and hence 
Ca(0) > 0{L^^). On the other hand by the bounds of lemma |14| in appendix ^ we 
have ||5Ca(s)|| < 0{Mq^). Since Mq is assumed larger than L we see that C\{s) is 
positive. 

We introduce the s parameters into ( |157| ), replacing Ca,Ta{A) by Ca{s),T\{s, A). 
This includes replacing a\, P\{A) by 

(3a{s,A) =rA(s,A)[D#(A+)]AAe^o,Ac 

We have the expression for sa = 1 and we study it by expanding around sa = 0, but 
only for A in A' — (X UP), essentially the region with no contribution to the integrand. 
(We leave A — A' alone to avoid trouble with the fact that a a is not small enough here.) 
Now ( 157 ) can be written 



Jsyc=0 



X,P,Y ^ 

(163) 

where sy = {sa}acy- The sum is over Y G A' — {X U P) and is the complement 
in this set so that syc = is really SA'-(xuPuy) = 0. In the second step we have 
defined K{Z) to be given by the same expression, but with the sum restricted to 
X U P U F U (A - A') = ^ 

Now let Ze be the connected components of Z. We claim that K{Z) = Yl^K{Ze). 
Since Kq{X) factors over the connected components of X it factors over the {Zf }, and 
this is true for the entire integrand. Next consider the random walk expansions (|159| ) for 
Ca(s), T\{s, A). Since sa'-z = paths connecting different Ze do not contribute. Hence 
these operators do not connect different components. Hence the Gaussian integrals 
factor over the connected components. In each component the measures can be taken 
as 

(164) 

\^A(s,A)]Anz^,\PA{s,A)]AnZg 

The derivatives and integrals with respect to sy preserve the factorization since ex- 
pressions like [CA(s)]AnZj> only depend on sy for Y C Z^. Finally the sum over X, P, Y 
factorizes as well. 

To summarize our expression is 

Y.^{Z) = Y,\{K{Z,) (165) 

Z {Ze} e 
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where the sum is over disjoint connected {Zi} intersecting A and for any such connected 
Z = Ze^^ 



(166) 



Here X, P, F ^ Z means X n A ^ (unless X = 0) and P C (A' - X) and Y C 
A' — (X U P) and Z is the union of X U P U y and any connected components of A — A' 
touching this set. (Or we could write P C (A' fl Z — X), etc.) 
We note the following features: 

• In K{Z) all variables are localized in Z. 

• U Z C A' then Z contains no part of A — A' and so [aA(s)]z = [Pa{s, A)]z = 0. 
It follows that in this case K{Z) does not depend on \E'o,A';, ^o,a=- 

• We can rule out X U P = since in this case F 7^ and we have 9/9sy[l] = 0. 

part III. We now digress to estimate k{Z) = K{Z, ^{A+), ^f, ^o,a=, A A, Ao,aO in 
a series of lemmas. We break the analysis into three parts by writing 

K{Z)= J2 [ dsY-^FiX,P,s) 

FiX,P,s) = J GiX,s) x*(AnX) C(P) d^i^^zAA) ^^^^^ 

G{X,s)= j K,{X) rf/XA,z,s(^o) 

Lemma 6 The function G{X, Aq^ s) is analytic in complex \Aq{x)\ < (9(l)p(eo) for 
a; e A and satisfies in this domain 

II ^ r.f^ A „MI / ,^-51^1 



„^^^G(X,Ao,.)|U, < M---^''^'\{0{eop{eo))e-''^'^^^^\''-\^^ (168) 

a 

where {Xq,} are the connected components of X . 

Proof. First we give the bound with F = and Aq real. The integral be written in 
more detail as 

^(X, Ao,s) = / Ko(X, ^0 + [/?A(s,i)]Anz, Ao) du (^0) (169) 

We have the bound |rA(s, A, x,y)\ < 0{l)exp{—pd{x, y)) uniformly in s. This is proved 
in lemma ^ in Appendix ^ for s = 1 and the same proof holds for general s. Then 
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||rA(s,i)||(^) and ||rA(s,i)||(2) defined in ( pO^ ) and ( pTO| ) are bounded uniformly in s. 
Now we have 



(170) 



<||i^o(^,^o,^)IU' 



<n(^(eoP(eo))e-^«^^^l^'^l^ 



The first estimate follows from lemma in Appendix ^ and holds provided we chose 
hi so that sup^ ||rA(s, A) ll*^^-* < hf. The second estimate follows from lemma 20 in 



Appendix ^and holds provided /;.i(l+supg ||rA(s, yi)[D*(y4+)]AAc||(^'') < h', a condition 
on h'. The last estimate is the bound (|153| ). 

The above estimates were carried out for real sa with |sa| < 1 but we could have 

allowed complex sa with |sa| < Mq . In this case we have < M^^(")+^^/^ instead of 
l-So;! < 1 but this does not spoil the estimates on r\{s,A). In fact r\{s,A) is analytic 
in this domain and so is G{X, Aq,s). The result for F 7^ now follows by a Cauchy 
bound. 

The analyticity in Aq holds for V, W hence for Eq, E'q, Kq and hence for G. The 
bounds and analysis are not affected. This completes the proof. 

Lemma 7 The function F{X, P, s) satisfies 

\\^F{X,P,s)U, < Mo-^«l^l^e-^«^(^o)^l^l^ (^nO(eop(eo))e-^«'^*^^l^'^l^j (171) 
with the first and third 0{1) universal. 

Proof. First consider the bound with F = 0. The characteristic function x*{^) 
ensures that the bounds of the previous lemma are applicable and we have 

\\F{X,P,s)U, < (1 C(P) rf/iA,z,s(Ao)) (...) (172) 

where (...) is the parenthetic expression in ([171|). For C*{P) we note that for any 7 



(5^) - ^' ^ {^) - 1) (173) 

We can use this bound at least once in each block of P and obtain 

|C*(P)| < e"'^'^^^^^'"'^'''^''^'^"^""^' (174) 
Thus we have the small factors we need and it remains to control 



38 



(175) 



We first estimate ||aA('S)||p. As in lemma in Appendix ^ we have the bound 
\C/^{s, A,x,y)\ < 0{l)exp{—pd{x,y)) uniformly in s. Since we have been careful to 
separate P by a distance at least r(eo) from A^ we gain a factor e~2^^^^°^ and thus in 

\Ms)\\l<0{e-'^f'^^^^^^p{eo))\P\ (176) 

the dangerous factor j5(eo) from Aq on dA is controlled. On the other hand for 7 
sufficiently small 

I e^^ll^°ll?'rf/i^^(^^(Ao) = det(l - A^xpCAis))-'^ < e^^^^^l^l (177) 
follows from ||47XpCa(s) || < C(l)7 and ||47Xp(:7a(s)||i < C(1)7|P|. Thus we have 

3^"^""^ dfiA,zAAo) < e^(^)^l^l < e^(i)l^l^ (178) 



which can be absorbed by the tiny factor 6"'^'-"'^^^*^^°^^'^'^ 

Now consider F 7^ 0. Unlike the previous lemma we do not have analyticity in s 
and cannot use a Cauchy bounds. Instead we evaluate the derivatives explicitly. In 
general a Gaussian integral with covariance C{s) and mean a{s) satisfies 

where £(s) is the differential operator 

We apply this repeatedly and we also have derivatives acting on G. Altogether we have 



OSy 

-EE E /n(l^)i^x-(AnA-,c(p)i 

Yo n i=l ^ ^^^^ ^ ^^^0 

where the sum is over subsets Yq (ZY and partitions {Yi, . . . , 1^} of F — Yq . Expanding 
the terms in dC{s) /dsY. we get a sum over subsets A/" of (1, . . . , n) and have 



1 dC{s) -i-r <9aA(s) 



EE E E E E n^^(-..^.)nifffe) 

Yo n {yi,...,y„} AT {x^,y,},eN iiN .^g2^ 
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Here is the number of times a variable x occurs in {xj, yj}j^^f and {zj}j<^j\f. We have 

We need to estimate the effect of the derivatives with respect to Aq. To begin we 
have for n > 

and hence 

in(5l^)"'x-(An.Y)|<nK!f(^g|)"" (184) 

One can obtain the same estimate for derivatives of C*{P). Since derivatives do not 
enlarge supports we can still extract decay in |P|i as in ( |174|) . Thus we have 



By the analyticity result of the previous lemma and Cauchy bounds we also have 

(186) 



n 



dAo{x)J dsYo 

We combine the last three results and use some elementary combinatorics to obtain 

n(a:^)'-|^.-(AnA-,c(p„ 



< 



187) 



where now (...) = e-^^^)^^'^")'!^!^ Ua C(eop(eo))e-^(^)^^^il^-li) . 
Now using the bound of lemma |T8| from Appendix ^ we obtain 



< JJC(l)Mo~'^^^^'^''' W e-f^^^^^'^y^) JJ g-o(i)/3£(^,,y,) 

where £(x,y,y) is the length of the shortest tree through x^y and the centers of the 
blocks in Y. Here we have used exp(— i/3(i(F, A^)) < exp(— i/5r(eo)) to suppress a 
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factor p{eo) in a\{s). Next since the Yj associated with a particular x are disjoint one 
can show that 



n. 



J<C(l)"^exp Yl d{x,Yj)/Mi+ ^ d{x,Y,)/Mi+ ^ d{x,Yj)/Mi 



L J : Xj — X 



y. yj=x 



j: Zj=x 



189) 



see [0, 0, [|T^ for similar bounds) and hence 



l[nj < (0(l))"exp I 5^t;(x„r,)/Mi + 5^%,,F,)/Mi + ^t;(^,-,F,)/Mi 

(190) 

Even after squaring this factor can be dominated by factors on the right side of ( |188| ). 
Combining (TO, (TO, (W we can now bound (Km by 



SZSZf^fenW 5Z X] 5Z 5Z 



-o(i)|y,| 



0(l)/3£(2,,y,) Z' /"^7ll^olP 



(191) 



We do the sum over Xj, and 2;^ we get a factor C(l)|yj |e The |Yj | can 

be absorbed by the Mq ^^^-"-^^^'^ Also we have ]^ . Mq 



This factor 



is incorporated into (• • • ) which now has the form that we want for the lemma. Nothing 
depends on M at this point and the sum gives a factor 2". The Gaussian integral is 
bounded by ( |178D and the resulting factor absorbed. Thus our expression is bounded 

by 



EE"" E 



-e)(i)/3£(y,) 



(192) 

Yo ri {yi,...,y„}i=i ' 

where a = (9(l)p(eo)"^ is small for cq small. We dominate the sum over partitions by 
an unrestricted sum and obtain for the bracketed expression 



[■■■i^EE^ E n 



-0{l)pCiYj) 



Yo n {Yi,...,Y„) j=l 



= J]exp a Yl e-'^^'^^'^^^'^ 

Yo \ Y'c{Y-Yo) 

<^eC(i)Q|y-yo|i < 2\^\i^o(i)a\Y\i ^ ^\y\i 

Yo 



(193) 
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The second inequality is standard. The sum here is over Y' which are not connected 

we definitely need the stronger e"'-^*^^)^'^*^^') decay. Finally the factor e'^'^ is absorbed 
by the Mq '-''^^•"^'^ in (...) to complete the proof. 

Lemma 8 For any k > 0, Z connected, and Z n A ^ we have under the hypotheses 
of the theorem 

\\k{Z)\\h, < 0(eop(eo))el^"(^-^')lie-'^l^-(^-^')li (194) 



Remcirk. If Z C A' this becomes 

||X(Z)|U, <0(eop(eo))e-«l^l^ (195) 
Proof. Assuming Mq, Mi,p(eo) are sufficiently large we have by the previous lemma 



\\K{Z)\\,,< J2 M-<^(^)l^l^e-^W-(-)^l^l^ n^(^oP(eo))e- 



■0(l)/3Mi|X<,|i 



x,px^z 



2 E n 

X,P,Y-^Z \ a 



g-3K|X„|i g-3K|P|ig-3K|y|i 



\xcz,XanA^0 a J Pc^nA' Y(zz^^^' 

<g-2«|Z-(A-A')|ig|ZnA|ig2|ZnA'|i 
<g-K|Z-(A-A')|ig|Zn(A-A')|i 

(196) 

In the third inequality we use that X, P, Y are disjoint and XVJPVJY D (Z — (A — A')) 
and in the last inequality we use (Z — (A — A')) D Z n A'. Since it is not possible that 
X U P = we can also extract the factor C(eop(eo)) from either the X-terms or the P 
terms. This completes the proof of the lemma. 

part IV: Now we return to the proof of the theorem. At this point we have the 
expression 

exp( E',{X)\ Yl U^iZi) (197) 

Xx-.XcA" / {Ze}:ZenAyt9 t 

For each collection {Z^} with Z^ fl A 7^ consider the {Z^} touching (A')^. Take the 
union of (A')'^ and the {Z^} touching (A')'^, add a corridor of Mi-blocks and call this 
the written {Z^ Q". (So (A')'= C 0^= and 9 C A' ). We classify the terms in the 
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sum by the G that they determine. The remaining {Zi} are in and are otherwise 
unrestricted. Thus the second factor in ( |197|) can be written 



ecA' {Zf}^e= i \{z;}:Z^ce ^ 



and (|197|) itself can be written 



E^(0^) E n^(^^) (199) 

ecA' \{z;}:z;c0 ^ / 

where 

T(e^)=exp( J2 E'oiX)) J2 U^iZ,) (200) 

x-.xcA'^ {zj^e^ i 

Let be the connected components of . The sum over {Z^} factors over {0^} 
as do the terms in ^x-xcA'= ^oi-^) since the X must be connected and so he in a single 
connected component of A'^. Thus we get T(9^) = Yip ^(0^) where 

T(e^)=exp[ ^o(^)) E n^(^^) (201) 



Lemma 9 



||r(e^)|U, < e^«ie;3-^'lie-''l®;^'^'''li (202) 



Proof. Using the estimates (|146|) and ( |195|) we have 



||r(e^)|U, <e^(^«^(^°)l®;^"^^l ll^ieop{eo))e\''^^''~^'^^'e-'^\^^-^''-'''^\^ (203) 

The first factor is less than Now a factor e-'=l^'!-(^-^')li is less than 

g-K|ZfnA'|i gj^^ after the product over i this gives the e"'^'®''^^ which is the decay 
factor we want. The other factor satisfies e-'^l^^-(^-^')li < g-'^l^'^le'^l^^'^^^-^')'!. Then 
we use ll^e^-+m^niA-A')U = g(.+i)|e^n(A-A')k ^nd this is less than e^^^^l®^"^'!^ . We 
are left with the sum 

Y llO{eopieo))e-^\^'^^<expiOieop{eo))\e';,-A'U) (204) 

For this estimate we enlarge the sum to Z^ touching 0^ — A' and identify an exponential 
as in ( p.54| ). This completes the proof. 
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part V: This bound on in G is sufficiently small that we can exponentiate 
the expression in parentheses in ( |199| ). See for more details of this standard 
argument. We first write 

oo ^ 

E n^(^^) = l + E;^ E {[l^{Z^,Z,)}k{Z,)...k{Z^) (205) 

{Zi}:ZeCe e n=l ■ {Zi,...,Z„) i<j 

where the sum over {Zi, . . . , Z„) is now unrestricted, but C{Zi, Zj) = if the sets touch 
and C{Zi, Zj) = 1 if they do not. This can be rearranged as 

E n^(^^)=^^P(E^W) (206) 

{Zi}:Zice I xce 



where 



and where 



oo ^ 

E(X) = E- E p'{Z^.-.Zn)k{Zr)...k{Z^) (207) 



n=l Zi,...,z„ 



p^(Zi,...,Z„) = E n (C(^«,^.)-l) (20J 



Here G runs over the connected graphs on (1, ra). 

One can use the bound ( |195| ) on K and a tree domination argument to show 

||^(X)|U, <0(eoMeo))e-'^l^l^ (209) 
This completes the proof of the theorem. 

4.4 more adjustments 

We make adjustments which will simplify the treatment of perturbation theory in the 
small field region. 

We first want to resum the expression in the small field region. Accordingly we 
define for any O C A' 

4 = /exp ( E ^o(^) ) X*(e, Ao) ^^/^c(i,e)(^o) ^^(i^e,^)^^^) (2^0) 
Vxce / 

where for x,y & 

C{s,e,x,y)= E Sc.a(x,y) (211) 



uj:x — >-y 



Here u is the localization of u defined in Appendix ^ This is positive definite. There 
is a similar expression for r(s, B, A). If we repeat the steps of theorem ^ we find that 

4= E U^HZ,) = exp{J2 E\X)) (212) 
{Zt}:Ztce e xce 
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where E^{X) is defined from K'^{Z) by ( p07| ), where 



x,p,Y-^z • 



(213) 



and where Kq is still defined by ( |152| ). The sum is over disjoint X, P, Y whose union is 



Z. We could as well write C(s, Z) and r(s, Z, A) for the covariances. 

The expression for K'^iZ) is identical with the expression for K{Z) specialized to the 
case Z C A'. Indeed the measures have mean zero and the same covariance, and the 
restrictions on the sums are the same. Hence also for X C 6 we have E^{X) = E{X) 
and so we have the resummation 

expi J2 EiX)) = Zl (214) 
xce 

Next we work toward a more translation invariant expression which means elimi- 
nating dependence on fi, A, B. We first work on the measure and define 

^? = /exp ( E E',{X)] x*(e, Ao) d^^^,JAo) t^/i^.^.^^/^o) (215) 

Now C''"'^ is a small perturbation of C* and hence is positive definite. Thus the expres- 
sion is well-defined. 

Lemma 10 



where K^jE"^ satisfy the same bounds ( \193i ), ^0^ ) as K,E. 



Proof. This is another cluster expansion which follows the steps in Theorem |I] with 
some differences. C''"'^ still has a broken version C'°^(s) which is also a small perturba- 
tion of C* and positive definite. However since there is no boundary for C'°^ we now 
vary sa for all A in (X U Py, not just G — (X U P). We get polymer activities K'^{Z) 
for any connected Z intersecting B given by 

K*{z) = E / '^'yjri I MX) x*{x) c*(P)ci/x^..(,)(Ao) rf/i,..(,,^)(^o)] 

(217) 

where XcB, PcG-X, Fc(XU P)", and Z = XUPUY. This is bounded as 
before and the exponential version follows as before. This completes the proof. 



^Whcn Z C A' and sa = for A around Z we have [Ca{s)]z = C{s, Z). 
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Now we compare Z^q^Z^. Recall that © is a union of Mi-blocks. Take the Rq 
blocks contained in 0, delete an i?o corridor, and call the result Deleting another 
corridor gives 6". 



Lemma 11 



Z; = Z|exp( B*{X)+ (218) 



where 



\\B*{X)\W <0(eop(eo))e-'^l^li 



(219) 



Proof. We have 



4 = Z* exp Y (^^(^) - ^*(^)) (220) 

with the convention that E\X) = unless X C 0. Define B*{X) and R*{X) to be 
the expression E'^{X) — E*{X) when respectively X C {Q"Y and when X intersects 
0". The bound on S# follows from the separate bounds on E\X), E*{X). To bound 
i?* first suppose that X also intersects (0')^^. Then Mi|X|i > r(eo) and we use 
e~2'^\^\^ < (>-'i'i<^o)/Mi each term to obtain the bound. It remains to consider R'^(X) 
when X G Q' and now we really look at the difference. 
We interpolate between C(l, 0) and C''"^. with 

C{u) =uC{l,Q) + {l-u) C^"^ (221) 

which is also positive definite. Together with a similar T{u, A) we define Zq{u). There 
are also broken versions C{u, s) = u C{s, 0) + (1 — u) C^"''{s) and T{u, s, A) which we 
use to expand Zq{u) in terms of 

K{u, Z)= I dsy^i I MX) x*{X) C{P)d^^^^^^^{A,) c^/^,(„_^^^)(*o)] 

(222) 

and associated E{u, X). We follow the setup of the previous lemma so Z is only required 
to intersect 0. However K{1, Z) is only non-zero if Z C 0. 
The derivative with respect to u satisfies 

{ I df^ciu,sMo) X\X) C{P)^[ J MX) di.^^^^^ -^{^o)] (223) 
+ df^ciu'.Mo) X*{X) C{P)[j MX) ^^(„,,,^)(^o)].'=4 
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To estimate this expression for Z C 0' we look at dC{u, s)/du = C(s, 9) — C'°'^(s). 
We use that for x,y E Q' 

\C{s, e, X, y) - x,y)\< 0{e-^'^'°^)e-^^^''^y^ (224) 

To see this compare each term to C(s, x, y) and notice that only paths of length greater 
than r(eo) contribute. There is a similar bound for r(s, G, A, x, y) — r'°'^(s, A, x, y) 
Because of the T bound the expression f KQ{X)dfi^^^ in the first term in ( p23|) 



is analytic in \u\ < e''^^^^^^^^°\ By a Cauchy bound the derivative in u gives a factor 
g-c(i)/3r-(eo) fjj-^g j,gg^ |-]-^g estimate proceeds as in theorem |1] and we have the bound 
p-o{i)i3r{eo) p-K\z\i -pox the secoud term in ( |223| ) the derivative with respect to u' is 



evaluated using the identity (|179|) . This introduces dC{u, s)/du gives us the factor 
g-/3r(eo)^ even when derivatives with respect to s are piled onto it. Again the estimate 
proceeds as in theorem with the same result. Altogether then we have for Z G Q' 

du 

This leads to the bound for X C 0' 

\\-^E(u,X)\\h,< C(e-^(i)^^(-o))e-'^l^'i (226) 
du 

and the same bound now holds for 

d 

EUX) - E*iX) = Eil, X) - E(0, X) = / —E{u, X) du (227) 

Jq du 

This is the bound on i?*(X) for X C 0', it is stronger than we need, and the proof is 
complete. 

Now we work on Z^. We recall that in 6 C A' we have ^o(^) = -^o*(^) + ^o(^) 
where Rq{X) still has some f2, A-dependence but is tiny. We drop this term and define 



/"exp ( 5^ -V;{X)\ x*(e, Ao) d^^^UA,) d^^^,^^^^^{^,) (228) 
As before follow theorem |I] and obtain 

^©= E X{K*{Z,)=eMY. ^*^^)) (229) 

again with \\E*{x)\\h^ < O(eop(eo))e"''l^li. 
Lemma 12 

Z# = Z*exp I I (230) 

where 

\\R*{X)\\h, < c)(e-'^(i)/3Keo))g-«|xu (231) 
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Proof. The proof is similar to the previous lemma, but easier. The formula holds 
with R*{X) = E*{X) — E*{X) so it suffices to establish the bound for this object. To 
interpolate between Vq{X) and Eq{X) we introduce Eq{u,X) = —Vq{X) + uRo{X). 
This defines Ko{u,X) by (|152|) and then 

(232) 

and from this E{u, X). Since ||/2o(-^) IU' satisfies the bound ( |146[ ) we have that Eo{u, X) 
is analytic in |m| < C(e^(^)^''(^»)) and the same holds for Ko{u, X), K{u, Z), E{u, X). 
Now from the bound X) < O{eop{eo))e~''^^^^^ and a Cauchy bound we obtain 

\\-^E(u,X)\L,< 0(e-^«Meo))g-K|x|i .233) 
du 

and the result now follows from 

/•I d 

E*{X) - E*{X) = E{1, X) - E{0, X)= -i-E{u, X) du (234) 

Jo 

Remarks. 

1. E*{X) = E* {X , (A) , A) only depends on the indicated variables in X (and in 
fact on \E'(A) only in X fl 0). We can also consider the kernel norm of E*{X) as 
defined in (^5]). We claim that in the kernel norm we have the same bound: 

|E*(X)U, <0(eop(eo))e""l''l^ (235) 

This follows by repeating the analysis of theorem |I] working with a mixed norm 
which is kernel in the external variable "^{A) and standard in the fiuctuation 
variable \E'o- This bound will have better iteration properties. 

2. E*{X) is translation covariant. If X C the dependence drops out of the 
definition of E*{X). Hence if X, X + a C one can show 

E*{X + a, §(i)(- - a), A{- - a)) = E*{X, ^(i), A) (236) 

Here we use the translation covariance of V^*(X) and C'°'^, r'*"^. 
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4.5 perturbation theory 

We study the perturbation theory for Zq defined in (|228|) . In this expression we have 
the potential ^xceK)*("'^) = ^e- This is essentially the original potential restricted 
to O and is given explicitly by 

V^q{^{A), v[/o, i, Ao) =\M{A)^{A) - Q,,{A + A^)\^{A) + " {^o = 0} 

'[f (i) + ^^ole, D,,{A + Ao)[^(i) + v&ole) - {^o = 0} 



+ 5^ : [l'(i) + ^^\{x)bm^\^{A) + vl>o](a;) +5fo|e| ^^^^^ 

where M(A) is defined in ( |141| ) (without the restriction to A which is not needed here). 
For our perturbation expansion we introduce 

Vit) = V^*{^{A), v&o, A, tAo) + t^6Ve{^{A), ^o, ) (238) 

so that V{1) = and V{0) = 0. We also define for < t < 1 

Zit) = J exp i~V{t)) x*(e, Ao) dfi^^JAo) rf/x^,„.(^)(^o) (239) 

and then Z{1) = Zq. If we restore a local expansion for V{t) we can just as for Zq 
obtain a local expansion 

Z(t)=exp [ J2 Eit,X)\ (240) 

and E(t,X) satisfies the same bounds as E*{X) = E{1,X) uniformly in t. 

Our perturbation theory is the expansion \ogZ{t) around t = evaluated at t = 1. 
We are especially interested in second order. At first instead of Z{t) let us consider 
Z{t) defined just as Z{t) but with the characteristic function omitted. Computing 
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some Gaussian integrals we find: 



PemA),A)^^-{logZ)"{0) 



1 J2 tr(L(2)(z,;2',x,a;)r'-(i;/,^))c'°^(x,x) 

x,z,z'G@ 



(241) 



These correspond to the diagrams of figure ^ (except the counterterms) . The vertex 
functions are 



® -(^(i),o,AO) 



(242) 

and has d/d'^o instead of d/d'^Q. These vanish unless Xi = ■ ■ ■ = Xn and = ■ ■ ■ = 
fin- They are independent of G away from the boundary. 

This differs somewhat from the standard lattice perturbation theory. There are are 
no external photon lines corresponding to the photon field A. Instead A appears as a 
background field in the propagators and vertices. Another difference is that the vertices 
are not entirely pointlike due to the presence of Q terms in V^* 

With this preliminary calculation out of the way we are now ready to state: 
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Figure 2: second order perturbation theory 



Theorem 2 



Zq = exp 



Pe+ Yl E*\X) 



(243) 



The functions E**{X) are translation covariant inside and for any e > we have 

<0(e^^)e-'^l^li (244) 

also in the kernel norm. 



Proof. We expand logZg = logZ(l) by 



logZ(l) = logZ(O) + ^(logZ)"(0) + +^ 



t)\\ogZ)""{t)dt 



(245) 



To treat the remainder term we use the expansion log Z{t) = ^^i?(t, X) from 
( p40|) . This gives a contribution || {l-t)^E"" (t, X)dt to E**{X). To analyze this term 



we first claim E(t,X) is actually analytic in complex \t\ < Cq ^'^ with a weaker bound. 
This follows because t enters V(t) either in the combination e**'^""^" — 1 for the main 
terms or t'^co for the counterterms. In the first case we have our characteristic function 
enforcing that \Aq\ < C(p(eo)) and thus this factor is C(eoP(eo)). The counterterms 
are 0{el^). Altogether we have that V(t) is O^CqP^Cq)). This carries through the 
proof of theorem |l| and yields \\E{t,X)\\h, < C»(e^p(eo)e-'^l^'i) for \t\ < e^^^' Now 
returning to < t < 1 and using a Cauchy bound we have for the fourth derivative 
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\\E"" {t, X)\\h^ < (9(eQ^^^p(eo)e^'^l"^l^). Since p{eo) < e^" and e is arbitrary we can take 
this to be O(eo~^e~'^l^li) as claimed. 

Next consider the second order term. This time we do not use ( p40| ) but instead use 
the global representation (|239|) . Thus we almost get the terms we computed in ( |241| ), 
but now we must deal with the characteristic functions. We compute 

2"°«^*'»>- Jr(e..„)..,j^„) — 

The four-fermion part of this is 

I E (247) 



2 



where (no sum on /i) 



We claim that this can be written as C''°'^{x,y) plus something tiny with good decay. 
This follows by another cluster expansion which we outline in Appendix 0. For us the 
most useful way to state it is 

(x, y) = C'°\x, y)+Y^ SK^yiX) (249) 

XBx,y 

where \SK^y{X)\ < C)(e-c(i)p(eo)')e-2«|x|i^ Inserting this in (p47|) the first term con- 
tributes to Pq. The second term gives a contribution to E**{X) which is 

E j!^\^)Jl^Hy)SK^yiX) (250) 

x,y€XnB 

and this has the bound C(eQ~''e~'''^'^) as claimed. 

The treatment of the other terms in ( |246D is similar in each case splitting into a 
contribution to Pq and a contribution to E**. The fermion propagator must also be 
localized with an expansion (see lemma |l^) 

r'°^(i; X, y) = E ^xiA;x,y) (251) 

XBx,y 

for its contribution to E**{X). 

Finally consider the zeroth order term logZ(O). Again we use (|240|) : log 2(0) = 
Y^-^ E{0, X). Now there is no potential. The only contributions to E{0,X) are from 
the characteristic functions. This means lemma ^ can be modified to obtain a factor 
(-)(^g-o(i)p(eo)2) instead of C»(eop(eo)). Hence E{0,X) is C'(e-^(iMe")')e-'^l^li. These 
terms contribute to E**{X). 
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4.6 final adjustments 

Assembling the results of the previous two sections we have for the small field region 

Zt = exp[Pe+ Yl B*{X)+ ^ B!{X)\ (252) 

where B!{X) = R*{X) + R*{X). 

It will be convenient to remove the R' from the small field region. It is possible 
because R' is so tiny. We make another Mayer expansion and write 

exp [ J2 ^'(^) I = E n(^'''^''"^ - 1) = E f^(^) (253) 
\xne7^0 / {Xi} i s 

where {Xi\ are distinct connected sets and where 

U{S)= W^''''''-^) (254) 

{Xi}:UXi=S i 

The function f/(S') factors over its connected components each one of which must 
intersect G. From the bound on R'{X) we have for S connected 

\\U{S)\\h, < C)(e-^'(^«)/^-^i)e-'^(^)'^l^l (255) 

This is sufficient to control the sum over S. Now we write 



E^(^) = E ( E u{s)\ ^ $^w(T^) 

s Tee \S:e-s=r J rce 



(256) 



Let us return to the full fluctuation integral ( p,48| ). This can now be written 

Sa= 5^ ge,T expjp0+ J2 E**{X)\ (257) 
TcecA' y xn0^0 / 

where we have defined 



6;e,T = r(e^)exp I Yl B*{X)\U{T') (258) 

, xne7^0,xc(e")'= 



We make the inverse transformation Aq ^ Aq — [H[°'^A]q' in A"^ and similarly for 
fermions. This does not affect the exponential and changes ^e,T to Gq -^ whence 

^'a= Y ^e,T exp[pe+ E ^**(^) I (259) 
TcecA' y xne^0 / 
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Next we scale replacing A by Ai^l , etc. to obtain 

Si,A= Yl ^i.0>T exp[Pi,i-ie+ Yl ^i(^) (260) 
TcecA' Y YnL-^e^H) J 

where Gi,e,T is the scaled version of G'er- We have also defined 

Pi,L-ie(V'i(A),A) =Pe{[MAi)]L,Ai,L) 

E,{Y,MAi),Ai)^ J2 E**{X,[MAi)]l:Ai,l) (261) 

X:Xi^=LY,Xn0^$ 

Here is the smallest union of of LMi blocks containing X. Explicitly we have for 
Vi,s{^{A),A) 

x,yGS x€S 

J2 }C'-^\z,x)S[^^{Auz,w)IC';^\w,y)G[^^{x,y) 

x,y,z,weS 

-h-' Yl JC';\z,x)S["^{Auz,w)IC<;^\w,y)G["^{x,y) 

x,y,z,wGS 

Y (4'H^,^',^)'5^(A;/,«^')4'H^',«^,y)'5^(A;«^,^)) G["'^{x,y) 

x,y,z,z',w,w'€S 

~L-' Y tT{Cf{z,z\x,x)S'r{Av,z\z))G\°\x,x) 

x,y,z,z'eS 

-L~^Yj ■ ^i(A,a;) 5mi ip{Aux) ■s^_s[o'^{Ai) -5cE[\S\ 
xes 

(262) 

Here Si = (-D(O) + mi)~^,mi = Lmo,Smi — LSmo, and SE[ — L^SEq. The vertices 
/C("), are the scaled versions of J("), X^"), L^''\ For example 

J-W(x,^i(A), A) = L''/^J^^\Lx, [^i(A)]l, A,l) (263) 

In general J^"'\ K^"-\ L^"-^ have the scaling factors L^". With this choice 

and ei = L^^'^Cq we have that J(") , i^T ('^^ , L^") are 0(e^). We have also introduced 

Gnx,y)^L&"%Lx,Ly) 
5i°^(A; X, y) =L2rJ,-(A,L; Lx, Ly) 

which are local approximations to the propagators Gi, 5*1 (^i) defined earlier 
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5 Summary 



Now insert the expression (|260|) for the fluctuation integral into our expansion ( |121|) 
and obtain the density on T%^^.j_i 



pi(^i, A,) =Coe-^^^ Yl j d'^odAo C,,n,A Xi,n,A ^^i,e,T 



n,A,e,r 

exp [-^\^i,L - QAo\^ - ^{Ao, (-A + fil)Ao 

) a ^ ^ ' \ (265) 

exp [-jl^hL - geo(^l)^o|' - i^O, Peo(^l) + ^0)^0)] 

exp[Pi,L-ie+ Yl E^{X)\xi{L''Q",A^) 

The sum is over decreasing sets Q D A D Q D T (which however are not the only 
restrictions). The factor Cm a Xiqa ^i,e,T supplies the convergence factors for the 
sums and is localized in T'^. The function Vi + Ylx -^^i-^) effective action for 

the small field region with second order perturbation theory isolated. 

This completes the treatment of the first step. In next paper we take these expres- 
sions as a starting point and iterate the operations we have performed. After k steps 
we are on the smaller torus Tj^^M-k and we have an expansion similar to the above 
now with Ak decreasing sums over regions. In the new small field we have an effective 
action Pfe + X^x ^ki^)- The function Vk is second order in a running coupling constant 
Cfc = L~(^~'^)/^e. It is given by the same diagrams as Vi but is expressed on the finer 
lattice T^+^_fc instead of T^^jv/-i- 

As k gets large the ultraviolet singularities begin to appear again. In Vk the effect 
is denied by explicit renormalization cancellations. One can perhaps see how this will 
develop already in (|262|). In higher orders the effect is reflected in the fact that every 



time we scale down we potentially gain a factor of (see ( P61| )). This is handled by the 



scaling properties of the fermion fields and the allowed growth of the coupling constant. 



In this respect our analysis is more like [11 1. The case of no fermion fields is special. We 



take out the constant part with the energy counterterm and then locally we use gauge 
invariance to regard it as a function of the field strength dA. This has sufficiently good 



scaling properties to control the growth, see [^. Thus the UV problems are handled. 
The IR problems are also disappearing as k ^ N since the volume is shrinking. Thus 
we will get an expression which is uniformly bounded in N. 
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A random walk expansions 



We quote/sketch some results on the covariance operators. The original treatment for 
the Laplacian is due to Balaban |Q and the treatment for the Dirac operator can be 
found in Balaban, O'CarroU, and Schor 0, [|1^. The operators on a unit lattice 
are 



a 

(266) 



Here A is a union of Mg-cubes centered on the Mq lattice T^'^. The operators [—A] a 
and [D(A)]a are defined by restricting to bonds in A. For the Laplacian this means 
Neumann boundary conditions. 

First consider Co,^o{A) where O is one of the sets Oj defined for j e Tjf « by 

Oj = {x e A:\x- j\< Mo} (267) 

Here |x — j| = sup^ ~ jfil- These overlap and cover A. For interior points Oj is a 
2Mo cube. Let ||<9A||o = sup^ \dA\ 

Lemma 13 Let eoMQL'^\\dA\\a be sufficiently small. Then Tq{A), Cq exist and 

\\Ta{A)fh<0{L')\\fh 

||Ca/||2<0(^')||/||2 ^ ^ 

Proof. The bounds on Co follow from the lower bound (/, [—A + aL^'^Q^Q]of) > 
(9(L^^)||/|p. This in turn follows by bounding it below by a sum over L-squares 
with Neumann conditions. On each L-square Q^Q projects onto constants and on the 
complement of the constants the Laplacian is bounded below by C(L~^). See The 
bound for Tq{0) can be reduced to a bound on the Laplacian. See |jTO|, lemma VI. 4 for 
general idea. 

If Aq is a constant (possibly large) we have on O that Aq = d\o. Then by the gauge 
covariance 

ToiAo) = e''°^°ToiO)e-''°^° (269) 

Hence we have the result for constant background field. 

Now in general for a field A on (9 we can write A = A + 6 A where A = constant is 
the average over O and \6A\ < M\\dA\\o. Then put V = D*{A + 6 A) - D*{A) This 
has the contribution (|3^) from Deg{A), and also a contribution from (5eo(~^)"^Qeo(^)- 
For X & B{y) we have the explicit formula 

{Q{-AfQ{A)f){x) = L-' J2 exp{teoA{T^yUTyi))f{x) (270) 
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Using these expressions we find 



||V/||2<0(l)(eoMo||Mi|o)i|/||2 



(271) 



Under our assumptions the inverse exists and is given by 



oo 



ro{A + SA) 



n 



(272) 



n-O 



with the bound 



To{A + dA)f\\2 < 0{L'){1 - eoMoL'WdAWor'Wfh < 0{L')\\f\\2 (273) 



This completes the proof. 

We turn to the case of general A. Now inverses are obtained by a random walk 
expansion. A path a; in A is a sequence of lattice point cu — {jo,ji, ■ ■ ■ ,jn) which are 
neighbors in the sense that \ja — ja+i\ = or Mq for any adjacent pair {ja,ja+i)- 
The length of the path is £{uj) = n. Each path uo also determines a sequence of cubes 
{Oj^^, Oj^, ■ ■ ■ , Oj^) as defined above. A path connects points x, y in the unit lattice if 
X e and y e Oj^ in which case we write cu : x ^ y. 

Lemma 14 Let L'^/Mq and eoMoL'^\\dA\\o be sufficiently small. 

1. Fa (A) and exist. 

2. We have the random walk expansion 



The kernels Vx,uj{A,x,y) and Cx,uj{x,y) vanish unless cu : x ^ y and satisfy for 
some constant a 



rA(^) 




(274) 



\CU^,y)\<OiL^)i'^f-^ 
r^,UA,x,y)\<0{L')A(-^ 



(275) 



3. T\^^{A) depends on A only in Oj^ U ■ • • U Oj^. 
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Proof. We give the results for the Dirac operator. First suppose A is the whole torus 

and denote T\{A) as just T{A). Choose smooth g with support in {x : \x\ < |} so 
that g = 1 on {x : \x\ < |} and so that Xliez^ d'^i^ — i) = 1. Then for j G T^" define 
^i(^) — dii^ ~ j)l^o)- Then hj is supported in {a; : |a; — j| < |Mo} C Oj and hj = 1 
on {x : \x — j\ < |Mo} and h"^ = 1. We define a parametrix by 

r(A) = J]/i,ro,.(>i)/i, (276) 

j 

Here things are arranged to avoid potential discontinuities of Fojix, y) for {x, y) on the 
boundary of Oj. Since D*{A)rOj{A) — I inside Oj we have 

D#(^)r*(/i) = / - E ^.(^)ro,(^)/^. = ^ - m) (277) 

where 

i?,(A) = -[D#(A),/.,] (278) 

The inverse oi D^^^A) is now 

oo 

r(^) = r*{A){i - R{A))-^ = r*{A) ^ i?(A)" (279) 

n=0 

with convergence in i"^ provided ||i?(y4)|| < 1. 

To see this we develop some estimates. For Rj{A) we note that || [Deo(A), = 
0{Mq^) since \dhj\ < 0{Mq^). Furthermore we compute for x e B{y) 

lm-^fQi^)^hj]f) {x) 

Yl ii^oA{r,y U r,,)) ^{hj{x) - hj{x))f{x) 

xeB{y) 

Again this is bounded by \dhj \ and so {a/ L)\\[Q{-AfQ{A), hj]\\ = 0{M(^^). Combin- 
ing these bounds we have ||i?j(A)|| < 0(Mq"^). Note also that functions in the range 
of Rj{A) have support in Oj since L is much smaller than Mq. 
Now we have since hiRj{A) = unless i,j are neighbors 

WKRfW < J2 \\h.RM)^oM)hjf\\ < OiL'M,-') J2 11^^/11 (281) 

j j:\i-j\<Mo 

After a Schwarz inequality we can replace the sum on the right by the expression 
(E,:K-,|<Mo Whjfry^'. Then 

\\RiA)fr = E \\h^RiA)fr < o{L'M-') E whjfr < o(LX-')ii/ir (282) 

» i,j-\i-j\<Mo 
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Hence \\R{A)\\ < 0{L'^M^^) < 1 and (a.) is proved. 

Now we can write T{A) as a sum over random walks by inserting the definitions of 
T*{A) and R{A) into (p7|) and obtaining 



r(^) =E E {h,,TaJA)h,J{R,M)^aJA)h,,)...{R,^{A)TaJA)h,J 

n=0 jo,ju...,jn (^283) 

^J2^UA) 

Here in tlie last step we notice tliat we get zero unless ja,ja+i are neighbors. 
By our previous estimates we have for some a = 0{1) 

\\TUA)\\ < 0(L2)(aLVMo)^(") (284) 

Since we are on a unit lattice the same bound holds for \T^{A,x,y)\. The restriction 
to u : X ^ y is obvious. Thus (b.) is proved and (c.) follows by inspection. 

Now suppose consider general A. We replace hj by = XA^j and repeat the above 
argument with [D'^{A)]\ instead of Z}*(A). This completes the proof. 

Remark. If uj has no points on dA then Ca,(^ and Tjy ,^{A) are independent of A. 

Lemma 15 Under the same assumptions with (3 = M^'^ we have for x,y E A. 

\CA{x,y)\ < 0{L^)exp{-(3d{x,y)) 
\V^{A-x,y)\<0{L')exv{-Pd{x,y)) ^ ^ 

Also 

\V^{A- X, y) - V{A- x,y)\< 0{L')exv {-P{d{x, y) + c/(x, A=) + d{y, A'))) (286) 
and similarly for Cp^^x, y). 
Proof. A crude estimate is 



V^{A-x,y)<0{L^) J2 



2 



•Mo' 



n ^ 

But the condition oj : x ^ y means that the sum is restricted to n > (d(x, 7/)/Mo) — 2. 
Thus we can estimate (oL^Mq"^)"/^ by (9(1) exp(— (i(x, ?/)/Mo) and still have another 
factor (oL^Mq"^)"/^ to estimate the sum as above. 
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For the second resuh proceed as follows. We write 

Ta{A; X, y) - T{A- x,y) = ^^A^; x, y) - T^{A- x, y) {2i 



Lo:x — >y 



But if uj has no boundary points we have rA,w(v4,x,y) = Vt^{A,x,y) and hence no 
contribution. Thus we can restrict to oj with boundary points and hence get the result 
for each term separately. 



We will also need reblocked random walk expansions on a scale Mi larger than Mq. 
We assume A is a union of Mi blocks centered on and we have 

Lemma 16 Under the same assumptions 



Ca — ^ Ca,x 



"2!;' (289) 
T^iA) = J2 rA,x(A) 

X3x,y 

where the sum is over connected unions of Mi-hlocks X. The operator T a,x{A) de- 
pends on A only in X and the kernels C\{x,y),T\{A,x,y) have support in X x X. 
Furthermore 

\CA,xi^,y)\ <0(l)e-'^^^^l^lie-^'^(^''^) 
|rA,x(Aa;,i/)| <0(l)e-'^^-'^l^lie-^'^("'^) ^ ^ 

Proof. Define 

TA,xiA, x,y)=Y, rA,.(A, X, y) (291) 

u>\x — >y 

w=X 

where uj are the Mi blocks intersecting U ■ ■ ■ U Oj^. Now Uj cannot be very large 
without LJ itself covering some substantial distance and one can show 

M^liyj) > 9Mi{\tj\i - 8) (292) 

Using this for a lower bound on i{uj) we extract the factor e~^*^il^li. The estimate now 
proceeds as before. This completes the proof. 

We also want to consider local operators C''^'^{x,y) and r^^(A,x, y) defined by re- 
stricting the random walk expansion ( ^74| ) to paths which stay within r(eo)/2 of both 
X and y. Then we have 

Lemma 17 Under the same assumptions 

(293) 



-,X 

X 



TA{A)-Tt\A)=Y,^TAAA) 



X 
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where 

|5rA,x(A, X, y) I <o(e-/^Keo))e-/3M.lxUg-M.,,) (294) 



Proof. 3;, has an expression like (|291|) in which only paths with l{uj) > 



Mq ^r(eo)/2 contribute. This enables us to extract the factor e ^'"(^o) 

Finally we consider operators of the form (?Ca(s) / dsy as defined in the text in ( |159|) 



Lemma 18 Let C{x, y, Y) is the length of the shortest tree through x, y and the centers 
of the blocks in Y. Then with a universal constant C(l) we have 

\^ix,y)\ <0(l)Mo-^(^)l^l^e-^^(^'^'^) (295) 

OSy 

and similarly for fermions. 

Proof. We can assume F 7^ 0. We have Cp^{s,x,y) = J2uj-x->y ^'^^^^'^i^^v)- After the 
d/dsy differentiation the only terms uj which survive are those with with > 1 and 
ui D Aj. U Ay U Y where A^. is the Mi block containing x. This leads to 

id 

The prime indicates the restricted sum over paths. Now i{uj) > \i^\i/2 > \Y\i/2 — 1 
enables us to extract a factor Mq~'^^"^'"'^'\ (For the first inequality assume |ci}|i > 2 and 
use £{uj) > — 1 > l'i'l/2; check \uj\i = 1 separately). On the other hand by ( p92|) 
and the fact that ui is connected we have 

Moi{uj) > 9Mi|cj| - 0(1) > 9C{u;) - 0(1) > 0{l)C{Ax U A^^ U F) - C(l) (297) 

This enables us to extract a factor (9(l)e~'^'^^^'^'^^ 
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B fermion norms and integrals 

We consider the Grassman algebra generated by \&Q,(a:), ^'^(a;) where (x, a) are space- 
time and spinor indices. Let ^ stand for {0,a,x) or (l,a,x) and define by 
\1/(0,q;,x) = \1/q,(x) and = '^ai^). Then the generate the algebra and 

any element can be uniquely written 

F(vl/) = ^l/r! J2 (298) 

where the coefficients fr are totally antisymmetric functions. We define a norm \\ ■ \\h 
depending on a parameter /i > by (c.f. |]12|) 

II^IU = E7rll/'-lli (299) 

r 

where ||/r||i is the ii norm. 
Lemma 19 \\FG\\h < \\F\\h\\G\\h 
Proof. H = FG has the coefficients 

hr= ^alt(/,®(7i) (300) 

s+t=r 

and hence 

\\hr\\i< J2 ^ WfsWMi (301) 

Now multiplying by h^/r\ and summing over r gives the result. 

Next consider transformations of the form F'(\E') = F(yl\E') where (y4\E')(^) = 
y4(^, ^')\E'(,^'). We can estimate the effect in terms of the norm 

pii« = sup^iA(e,ni (302) 

Lemma 20 Let F'(^) = F{A<i/). If h'\\A\\(^^ < h then 

\\F'\\h' < \\FU (303) 

Proof. F' has coefficients 

r 

m,---, C) = E /'■te' • • • ' n ^(^- ^^') (304) 
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Hence ||/;|| < Now multiply by {h'y/r\ and sum over r to get the result. 



Now we distinguish between \E'(x), ^'(x). We use a notation in which the spinor 
indices are suppressed, i.e. Xi really means the pair The general element ( p98|) 

can then be uniquely written be in the form: 

= "^— ^ ...,a;„,:ri, . . . . . . ^(x„)'l'(xi) . . . 

^ n\m\ ^ 



n\m\ 



where the coefficients fn,m are antisymmetric separately in Xi = (xi, and Xm = 

{xi, ...,Xm)- We have in fact 

fn,m{Xij Xni Xi, ■ ■ ■ ■, Xm ) = /n+m((0, Xi), (0, Xn), (1, Xi),. .., (1, Xm)) (306) 

We usually consider elements in which only terms with n = m contribute. 
Now the norm (|299|) can now be written 



n\m\ 

n.m 



A fermion Gaussian "measure" with non-singular covariance T = D ^ can be defined 

by 

Then one can consider integrals of the form J Fdfir- Terms with n ^ m give zero while 
terms with n = m are integrated by 



J ^(xi)^(a;i) . . . ^(x„)^(x„) dfi^i^H, ^) = det {T{xi, xj)} 



(309) 



For the proof see for example whose conventions we have adopted. This identity 



can also be used to define dfXj. when T is singular. 
To estimate these integrals we introduce 



|r||(2) = ^sup^|r(x,x)|2j 



1/2 

(310) 
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Lemma 21 If ^/WW < h then 

I j F{^>,^>)d^l^{^>M < (311) 

Proof. Let cr„ be the sign of the permutation that takes . . . ^(xn)^(xi) . . . ^{xn) 

to '^{xi)'^{xi) . . . Then the integral is evaluated as 



j FdlJiY = ^-^^ ^ fn,n{Xl,...,Xn,Xi,...,Xn)<^ei{T{Xi,Xj)] 



(312) 



xi,...,xn 
X\ ... .^Xfi 



By Hadamard's inequality we have 

|det{r(xi,x,)}| < (||r||('))" < /i'" (313) 



and so the result: 

,2n 



/h 
^df'r\<J2-^2\\fn^n\\i<\\F\ 



(314) 



Now suppose our Grassman algebra is generated by two sets of basis elements 
"^{y), ^{y) and '$'{x),'^'{x). The general element has the form 

F(^,^,^',^') 



n\m\i\k\ 

where fn,m,i,k is anti-symmetric separately in each of the four groups of variables. The 
norm is now 

ll-^IU = 7. — j — r777rll/n,m/,fc||i (316) 

n,m,£,k 

Gaussian integrals with respect to \E'', ^' only are defined in the obvious way. They are 
estimated as follows: 

Lemma 22 // h', ^/WW < h then 

II j F(^,^,^','l'')t^%(^'>^')IU' < II^IU (317) 
Proof. The integral is evaluated as 

J2 nlmm^ Y fn,m/Ayn,Ym,Xe,X,) det{T{x„x,)}^{Y,,)^{Yj ^g^g^ 

By Hadamard's inequality the determinant is less than (||r||*^^))^ and this expression 
has /I'-norm dominated by 

/ . j TTTTT^ \jn,m,e,e\\l S -T \h [61^ 
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C spacetime split 



Let be a finite set (e.g. one of our tori) and let A be a subset (e.g. a small field 
region). Suppose we have a Gaussian integral on M'^ defined by a positive self-adjoint 
operator T on M'^. We want to carry out the integral over first. This is accomplished 
by: 

Lemma 23 



/ 



H{A^c)F{A)exp ( -1{A,TA)] dA = [ H{Aac)F{Aac) exp ( -i(A,TA) ) dA 



(320) 

where 

F{Aa^)= [ F{A)df,^^^^{AA) (321) 

and jJL^^ is the Gaussian measure with covariance Ca = Tj^'^ and mean aA = 
—Ta^Taa'^Aac 

Remark. F{Aa<:) is the conditional expectation of F{A) with respect to the variables 

Aac 

Proof. In {A,TA) we write T = Ta^ + Ta<^a + ^aa^^ + ^a where Ta^a = Xa^Txa, etc. 
The cross terms are eliminated by the transformation A a —>■ Aa + oa, ^a^ ^a^^ which 
we also write a.s A ^ A + oa- Then the left side of ( |320| ) becomes 



dAMH{AM) exp{--{A,RAA)) F{A + aA)exp{--{A,TAA))dAAj (322) 

where Ra^ = Tac — TacaT^^Taa^- If we divide by / exp(— ($, TA$))(i$A the term in 
parentheses is identified as F{Aac) and we have 

j dAAcHiAA^)F{AAc) expi~{A,RAM (^j expi-^iA,TAA))dAA^ (323) 

Now reverse the first step to get the right side of (|32CI|) . This completes the proof. 

The above result is for bosons. For fermions suppose we have Grassman variables 
^, \E' indexed by S and a Gaussian measure determined by an operator T on M.^ . We 
assume that Ta = XaTxa is non-singular. 

Lemma 24 

H{^A^, ^aO^(^, ^) exp {-i^, T^)) d^d"^ 

(324) 

H{^A^, ^aO^(^a-, exp {-{^, T*)) d^d"^ 
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where 

F('I'a=,^ac) = j -^(^'a,^a) (325) 

is the the Gaussian integral over ^a, with covariance Fa = T^"^ and mean P\ = 
-T^ITaa^^'a^ and Pa = -{T^'fiTMAf^A^- 

Proof. Follow the proof of the previous lemma. The transformation is now \E'a 
^A + Pa and ^a ^a + Pa and the Gaussian integral is identified/defined as 

/exp(-(*,TA*))<i*A<i*A 

The denominator is non-zero by the assumption that Ta is non-singular. 



D two point function 

We study the fluctuation two point function with characteristic functions present as 
defined by 

'^xK^^y — T — ^TrTTT^T — TT^ l-J^'J 

j X (0,^o) dfi^{Ao) 



where x* is defined in (Q) The following results also hold with C replaced by C'°'^ 
Lemma 25 We have with a universal 0{1) in the exponent 

1. \C^{x,y)\ < 0(l)exp(-0(l)Mr'rf(x,y)) 

2. \C^{x,y)-C{x,y)\ < C(e-^«P(^o)') exp(-C(l)Mf ^rf(x, y)) 

Proof. We use a simpler version of the cluster expansion of theorem |l] to which we 
refer for more details. 

Start with the numerator in C^. Replace the characteristic function by Xlpce C*(-P) 
and then break up the measure by introducing the s-parameters in the complement of 

U Ay U P. (Aj; = Mi-block containing x). We find an expansion 

I Ao,^(x)Ao,^(y)x*(e, Ap) dfi^iAo) = J2Il ^(^^) (328) 

{Z^} i 

where the sum is over collections of disjoint connected sets Zi intersecting A^. U A^, U 9. 
In fact the points x,y must be contained in a single Zi, otherwise the contribution 
vanishes since we are integrating an odd function. Call this distinguished polymer Z* . 
We have 

K{Z*) = J2 f ^'yTf-l I Ao,,{x)Ao,,{y) C{P) dfi (Ao)] (329) 
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The sum is over disjoint (A^. U Ay) U P U Y = Z*. Given k this satisfies \K{Z*)\ < 
(9(l)g-«|z*|i provided Mo,Mi are large enough. If Z does not contain x, y then K{Z) 
is given by the same expression with no Aq— fields. Now P cannot be empty and using 
(|7|) we get \K{Z)\ < C)(e-^(i)p(^o)2)g-«12|i_ ^Ve separate off the distinguished polymer 
and write for (13281) 



Z*^x,y \{Zi} in (Z**)= i J Z*3x,y yXc(Z")<= / 

where Z** is Z* enlarged by a corridor of Mi-blocks. Here we take advantage of the 
small norm in {Z**Y to exponentiate. We have |^(X)| < C)(e-'^(i)p(^o)')e-'"l^li. 
Now do the same thing without the fields and obtain 

j x*(e, Ao) f/^^(Ao) = exp E{X)^ (331) 



For the ratio we have 



C^{x,y)= J2 ^(^*)exp Yl = E ^'(^*) (332) 

Using |Ex^(-^)l < 0(e-^(i)P(^o)')|Z*| and the bound on K{Z*) we get |/s:'(^*)l < 
C(l)e-2''l^*li This controls the sum over Z* and also yields the decay factor. Thus the 
first result is established. 

For the second result we make a cluster expansion for C{x, y). Now only polymers 
containing x, y contribute at all and we have 

C{x,y) = I A^,o(x)A^,o(2/) dii^iA,) = ^ ^°(^*) (333) 



where 



K\Z*) = E / / ^M,o(^)^M,o(2/) rf/i^(,)(^)] (334) 



The difference is expressed as 

C^{x,y)-C{x,y)= ^ {K\Z*) - K\Z*)) ^ ^^(^*) (335) 

Z*Bx,y Z*^x,y 

We claim that 

\6K{Z*) \ < C)(e-^«^'('=o)')e-3'^l^*l^ (336) 
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which will give the result. If we replace the exponential in K'{Z*) by one, the difference 
is a term with this estimate. Thus it suffices to look at 

K{Z*) - K%Z*) = E / ^'y-^i I ^^,o{x)A,,,{y) C{P)dl^cisMo)] (337) 

Here we use C*(0) = 1- The new condition P 7^ allows us to extract a factor 
0{e~^^^^'^^^°^ ) and the rest of the bound goes as before. This completes the proof. 
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